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Abstract. Using the rings of Lipschitz and Hurwitz integers H(Z) and HTitr(Z) in the quaternion division algebra HI, we 
define several Kleinian discrete subgroups of PSL(2,H). We define first a Kleinian subgroup PSL( 2,£) of PSL (2, H(Z)). 
This group is a generalization of the modular group PSL( 2, Z). Next we define a discrete subgroup PSL( 2, Sj) of PSL( 2, HI) 
which is obtained by using Hurwitz integers and in particular the subgroup of order 24 consisting of Hurwitz units. It 
contains as a subgroup PSL( 2, £). In analogy with the classical modular case, these groups act properly and discontinuously 
on the hyperbolic half space := {q £ HI : 9ft(q) > 0}. We exhibit fundamental domains of the actions of these 
groups and determine the isotropy groups of the fixed points and describe the orbifold quotients H^/PSL(2, £) and 
H^/PSL(2,Sj) which are quaternionic versions of the classical modular orbifold and they are of finite volume. We give 
a thorough study of the Iwasawa decompositions, affine subgroups, and their descriptions by Lorentz transformations in 
the Lorentz-Minkowski model of hyperbolic 4-space. We give abstract finite presentations of these modular groups in 
terms of generators and relations via the Cayley graphs associated to the fundamental domains. We also describe a set of 
Selberg covers (corresponding to finite-index subgroups acting freely) which are quaternionic hyperbolic manifolds of finite 
volume with cusps whose sections are 3-tori. These hyperbolic arithmetic 4-manifolds are topologically the complement 
of linked 2-tori in the 4-sphere, in analogy with the complement in the 3-sphere of the Borromean rings and are related 
to the ubiquitous hyperbolic 24-cell. Finally we study the Poincare extensions of these Kleinian groups to arithmetic 
Kleinian groups acting on hyperbolic 5-space and described in the quaternionic setting. In particular PSL (2, H(Z)) and 
PSL(2,M.ur(Z)) are discrete subgroups of isometries of Hj| and H^/PSL(2, H(Z)), H^/PSX(2, Mitr(Z)) are examples of 
arithmetic 5-dimensional hyperbolic orbifolds of finite volume. 
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1. Introduction 

Since the time of Carl Friedrich Gauss and the foundational papers by Richard Dedekind and Felix Klein the classical 
modular group PSL( 2,Z) and its action on the hyperbolic (complex) upper half plane {z G C : ^(z) > 0} have played 
a central role in different branches of Mathematics and Physics like Number Theory, Riemann surfaces, Elliptic Curves, 
Hyperbolic Geometry, Cristallography, String Theory and others. Similarly, discrete subgroups of PSL( 2,C) are very 
important in the construction of lattices to study of arithmetic hyperbolic 3-orbifolds (see, for instance, [28]) and many 
other fields of Mathematics. Another very important subject derived from the modular group is the theory of modular 
forms and automorphic forms in general (see for example, i, m, m , Esi). 

In this paper, we introduce two generalizations of the modular group in the setting of the quaternions and the rings of 
Lipschitz and Hurwitz integers ([18] [19] [27] 5 and then focus our attention to their actions on hyperbolic (quaternionic) 
half space := {q G i : 5R( q) > 0} with metric • This can be done thanks to a recent algebraic characterization 
for linear transformations to leave invariant the hyperbolic half space ( 0 )- We then explore new results which give a 
very detailed description of the orbifolds associated to the corresponding quaternionic modular groups. Generators of 
these groups are obtained in complete analogy with the classical modular group PSL( 2,Z) generated by translations 
by purely imaginary Lipschitz integers and the inversion given by T(q) = q -1 = q/|q| 2 ; furthermore, concrete (finite) 
representations of the groups are exhibited via the Cayley graphs. Secondly we define the group generated by translations 
by the imaginary parts of Lipschitz integers, the inversion T and a finite group associated to the Hurwitz units. We give 
a thorough description of its properties and the corresponding orbifolds. 

Furthermore, using some results due to Ratcliffe and Tschantz, we describe several Selberg covers of the orbifolds which 
turn out to be the complements of links of knotted 2-tori in the 4-sphere. These are 4-dimensional noncompact hyperbolic 
manifolds with finite volume. These results, beside its own geometrical importance and interest, have great consequences 
in many other research subjects such as Number Theory and Representation Theory. We also give a generalization of 
Iwasawa decomposition in the quaternionic case, a geometric description of the fundamental domains for the actions of the 
quaternionic modular groups and a detailed analysis of the topology and of the isotropy groups of the singularities of the 
orbifolds introduced. We study the corresponding modular Lipschitz and Hurwitz groups in the Lorentz-Minkowski model 
and the corresponding Iwasawa decomposition. We describe a congruence group and a principal congruence subgroup 
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which both consist of Lorentz matrices in 50+(4,1) with integer coefficients. Finally, using the notion of Dieudonne 
determinant we describe the Poincare extensions of the different modular groups to hyperbolic 5-spaces and describe 
the corresponding honeycombs. To make this paper self-contained we also provide a basic introduction to the geometric 
properties of orbifolds in the Appendix. 

2. The Quaternionic hyperbolic 4-space and its isometries. 

2 . 1 . Group of Quaternionic Automorphisms. Let GL( 2 , El) denote the group of 2 x 2 invertibl^ matrices with 
entries in the quaternions: 

H = {xo + xii + x 2i j + x 3 k : x n G M, n = 0,1, 2, 3, i 2 = j 2 = k 2 = -1, ij = -ji = k}. 

If q = Xo + Xii + x 2 j + x 3 k G HI then q := xq — X\i — x 2 j — x 3 k G El and |q | 2 := qq G M + . We notice here that the 
multiplication in H is not commutative. 

Definition 2.1. A Lipschitz quaternion (or Lipschitz integer) is a quaternion whose components are all integers. The 
ring of all Lipschitz quaternions H(Z) is the subset of quaternions with integer coefficients: 

H(Z) := {a + bi + cj + dk G H : a, 6 , c, d G Z} 

This is a subring of the ring of Hurwitz quaternions : 

Ehzr(Z) := |a + bi + cj + dk G H : a, 6 , c, d G Z or a, 5, c, d G Z + ^ 

Indeed it can be proven that Ehxr(Z) is closed under quaternion multiplication and addition, which makes it a subring of 
the ring of all quaternions H. 

As a group, Ehzr(Z) is free abelian with generators 1 / 2(1 + i + j + k), i, j, k. Therefore Ehzr(Z) forms a lattice in M 4 . This 
lattice is known as the lattice since it is the root lattice of the semisimple Lie algebra The Lipschitz quaternions 
H(Z) form an index 2 sublattice of Ehzr(Z) and it is a subring of the ring of quaternions. 

G GL(2,EI), the associated real analytic function 

Fa : M U { 00 } —y El U {ooj* 

defined by 

(1) F A (q) = {aq + b) ■ (cq + d)- 1 

is called the linear fractional transformation associated to A. We set Fa(oo) = oo if c — 0, Fa(oo) = ac _1 if c 7 ^ 0 and 
Fa(— c _ 1 d) = 00. 

Let F := {Fa with A in GL( 2,H)} the set of linear fractional transformations. 

Since El x El = El 2 := {(qo,qi) • qcb qi E El} as a real vector space is M 8 , the group GL( 2,H) can be thought as a 
subgroup of GL( 8 ,M). Using this identification we define: 

Definition 2.3. SL(2 , El) := 5L(8, M) D GL( 2 , El) and 

PSL{ 2,El) := (5L(8,M)nGL(2,H))/{±X}, 

where T denotes the identity matrix. 

The next result can be found in [5]: 

Theorem 2.4. The set ¥ is a group with respect to the composition operation and the map 

$ : GL( 2 ,H) -A F 

defined as 4>(A) = Fa is a surjective group antihomomorphism with ker(<f>) = {tT : t G I \ {0}}- Furthermore, the 
restriction of <f> to the special linear group SL( 2 , El) is still surjective and has kernel {±Z}. 


Definition 2.2. For any A = 


■^By this we mean that a 2 x 2 quaternionic matrix A has a right and left inverse; in [5] it is shown that this is equivalent for A to have non 


zero Dieudonne determinant. 
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2 . 2 . Isometries in the disk model of the hyperbolic 4-space. Let B denote the open unit ball in H and Mb the 
set of linear ( Mobius ) transformations that leave invariant B. This is the set 

Mb := {F e¥ :F(B)=B}. 

In [5j there is an interesting characterization of these transformations 


Theorem 2.5. Given A G GL( 2,H), then the linear fractional transformation Fa G Mb if and only if there exist 
u,v e dB, qo G B (i.e., \u\ = \v\ = 1 and \qo\ < 1 ) such that 

( 2 ) FaA) =v(q-q 0 )(l-%q)~ 1 u 


for q G B. In particular, the antihomomorphism <f> defined in Theorem \2.I\ can be restricted to a surjective group 
antihomomorphism <f> : Sp( 1,1) -A Mb whose kernel is {FT}. 


Proof We give a slightly different proof from the one in [5] ; our proof is simply based on the evaluation of real dimensions 
of the parameters involved in the description of Fa- A simple calculation implies that when |q| = 1 one has |FA(q)| = 1 
and since |go| < 1? Fa preserves B. The elements of the form (2) are parametrized by (u,v,qo) with \u\ = \v\ = 1, 
and |go | < 1, i.e. as a manifold Mb is diffeomorphic to S 3 x § 3 x B which depends on 10 real parameters. On the 
other hand the group of isometries of B with the hyperbolic metric is diffeomorphic to the 10-dimensional manifold 
SO( 4) x B = § 3 x SO(3) x B since it acts simply and transitively on the frame bundle of B which is SO( 4) x B. The 
kernel of <f> corresponds to the triples (1,1,0) and (—1, —1, 0). ■ 


As observed, Mb depends on 10 real parameters. The compactification I :=iU {oo} of H can be identified with § 4 via 
the stereographic projection. The elements of Mb act conformally on the 4-sphere with respect to the standard metric 
and they also preserve orientation. Therefore we conclude that 


Mb C ConU {§ 4 ), 

where CW/ + (§ 4 ) is the group of conformal and orientation-preserving diffeomorphisms of the 4-sphere § 4 . As a manifold, 
CW/ + (§ 4 ) is diffeomorphic to 50(5) x H| with H| = {(aq,#2,^3,# 4 , x&) G M 5 : x\ > 0}, so Con/ + (§ 4 ) has real 
dimension 15. Let us give a different description of this group. We recall that § 4 can be thought of as being the projective 
quaternionic line = § 4 . This is the space of right quaternionic lines in H 2 , i.e., subspaces of the form 

£ q := {qA : A G H} , q G H 2 \ {(0, 0)}. 

We recall that H 2 is a right module over H and the action of GL{ 2,H) on H 2 commutes with multiplication on the right, 
i.e. for every A G H and A G GL(2,H) one has, 

AR X = R\ A 

where R\ is the multiplication on the right by A G H. Thus GL( 2, H) carries right quaternionic lines into right quaternionic 
lines, and in this way an action of GL{ 2 ,H) on is defined. 

Any Fa G F lifts canonically to an automorphism Fa of P^, the complex projective 3-space and the map T : Fa Fa 
injects F into the complex projective group PSL( 4, C) := 5L(4, C)/{±Z}. Hence (see Q., 2 -), we conclude that 


We also notice that the map 


Mb C PSL{ 2,H) := GL(2,B)/{tl, t± 0} ~ Con/ + (§ 4 ). 

q ^ q 


is conformal and maps the unit ball B onto itself but it reverses the orientation of B. 

We consider now the group M B of extended Mobius transformations defined as the union of all the Mobius transformations 
Mb and all maps <f which reverse the orientation obtained as 0(q) = Fa( q) = (aq + b)(cq + d ) _1 for some Fa G Mb- 
In ^ the Poincare distance d B is defined in B in terms of the quaternionic cross-ratio and this distance coincides with 
the standard hyperbolic metric furthermore, in [5] it is also proved the following: 


Proposition 2.6. The Poincare distance dB in B is invariant under the action of the group M B of extended Mobius 
transfo rm ations. 

In other words: 


Mb = Isom dB ( B). 
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2.3. Isometries in the half-space model of the hyperbolic 4-space H^. Let be the half-space model of the 

one-dimensional quaternionic hyperbolic space 


Hjg := (q £ i : »(q) > 0}. 

Since the unit ball B in I can be identified with the lower hemisphere of § 4 and any transformation Fa G .Mb is 
conformal and preserves orientation, we conclude that (see also mm) 


Mb - Con/+(Hjj) 

where Con/ + (H^) represents the group of conformal diffeomorphisms orientation-preserving of the half-space model H^. 

Remark 2.7. The choice of describing using the quaternionic notation is motivated by the main point of view of this 
paper; however this set precisely is isometric to the hyperbolic real space (in four dimensions), namely 

He = HJr = {(x 0 ,xi,x 2 ,x 3 ) £ K 4 : x 0 > 0} 

with the element of hyperbolic metric given by (ds) 2 = ( da: °) ±(Mi} +(^ 2 ) +(^ 3 ) w h ere $ measures length along a 
parametrized curve. Even though the (natural) algebraic structures carried by the two sets are deeply different. 

Via the Cayley transformation : B -A defined as 4>(q) = (1 + q)(l — q) _1 one can show explicitely (see [5]) that 
the unit ball B of 1 is diffeomorphic to and introduce a Poincare distance in in such a way that the Cayley 
transformation ^ : B -A is an isometry; moreover the Poincare distance in is invariant under the action of the 
group Wb^ _ 1 which is denoted by M h i . 

Finally we recall the conditions found by Bisi and Gentili (see |5] again): 

Proposition 2.8. [Conditions (BG)] The subgroup of PSL( 2, EE) whose elements are associated to invertible linear 
fractional transformations which preserve can be characterized as the group induced by matrices which satisfy one of 
the following (equivalent) conditions: 



a, b,c,de 


A KA = K > with K = 


0 1 
1 0 


(BG) 


A = 


A = 


a b 
c d 

a b 
c d 


-} 


a, 6, c, del : 5ft(ac) = 0, 5ft(6d) = 0, bc + da = 


a,b,c,de H : Sft(cd) = 0, 5R(a6) = 0, ad + be = 1 


Definition 2.9. The group of invertible linear transformations satisfying (BG) conditions consists of orientation pre¬ 
serving hyperbolic isometries of therefore it be denoted Isom+( H^); however, in analogy with the previous notations, 
we will also called it the Mobius group o/H^ and we denote alternatively this group as A4 H i := 

Moreover, we have IsomfH ^) = M h i ; where IsomfH [Jj) is the full group of isometries of H^. 

Remark 2.10. The group Ad H i ac ^ s by orientation-preserving conformal transformations on the sphere at infinity of the 
hyperbolic f-space defined as follows 

§ 3 = := {q G H : K(q) = 0} U {oc}. 

In other words jM h i — CW/ + (§ 3 ). 


Among the elements of and of M h i, translations, (hyperbolic) rotations and inversion will be of fundamental 

importance in the sequel and will be specifically studied in a dedicated section. 


Remark 2.11. Since the only ambiguity is a change of sign, by abuse of language, in all that follows we will sometime 
identify a matrix with quaternionic entries satisfying (BG) conditions with the induced Mobius transformation. 


2.4. The affine subgroup ^4(H) of the isometries of H^. Consider now the affine subgroup *4.(13) of PSL( 2,13) 
consisting of transformations which are induced by matrices of the form 

i.e. q i-A ((Aa)q + 6)(A -1 a) -1 


fXa b \ 
X~ 1 a) 
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with \a\ » 1, A > 0 and 5R(6a) = 0. Such matrices satisfy (BG) conditions of Proposition 2.8 and therefore are in A^h*. 
The group 4.(H) is the maximal subgroup of Af H i which fixes the point at infinity. 

The group 4.(H) is a Lie group of real dimension 7 and each matrix in 4.(H) acts as a conformal transformation on the 
hyperplane at infinity 

Therefore *4.(11) is the group of conformal and orientation preserving transformation acting on the space of pure imaginary 
quaternions at infinity which can be identified with M 3 so that this group is isomorphic to the conformal group Con/ + (M 3 ). 

2.5. Iwasawa decomposition of the isometries of H^. In analogy with the complex and real case, we can state a 
generalization of Iwasawa decomposition for any element of A4 h* as follows 

Proposition 2.12. Every element of A^h 1 ^.e. ; dements in PSL( 2,H) which satisfies (BG) conditions and which is 


represented by the matrix M = ( A can be written in an unique way as follows 


(3) 


M = 


A 0 

0 A” 1 


1 uo 

0 1 


a f3 

(3 a 


with A > 0, 3? (cd) = 0, \a \ 2 + \(3 \ 2 = 1 and $l(a/3) = 0. 


Proof. We’ll give explicit expressions for cq /3, A and co in terms of a, 6, c, and d. Indeed, from direct computations, one 
easily obtains that A d = a and Ac = /?; therefore, from the equations a = X 2 (d + ovc) b = A 2 (c + uod) it is a matter of 
calculations to conclude that 

A = —= and u) = ac + bd. 


vW 


W 


Therefore, from (BG) conditions of Proposition 2.8, it follows that 5 R(cj) = 0 and SR(a/3) = 0 


2.6. Isotropy subgroup of the isometries of which fixed one point. We notice that the set A^h* °f matrices 
inducing elements in PSL( 2, EE) satisfying (BG) conditions has real dimension ten. 

be the subgroup of symmetric matrices in A• For the matrix ' a ^ 


Let /C := 


-{ 


«r + 


/3 a 

= 1 and SR(a/3) = 0 are equivalent to (BG) conditions in Proposition 


2.8 


f3 a 


the conditions 


a 

(3 a 


0 1 
1 0 


a (3 

(3 a 


0 1 
1 0 


We have the following: 


Proposition 2.13. The group K is a compact Lie group isomorphic to the special orthogonal group 50(4). Indeed this 
group is precisely the isotropy subgroup at 1 G of the action of PSL( 2,H) by orientation preserving isometries on 
HjJjj. Moreover the group 1C is a maximal compact subgroup of Af H i. 

Proof Let ^ ^ be a matrix satisfying (BG) conditions and fixing 1. Then a + b = c + d or a — d = c — b and 

| a — d\ 2 = (c — b) (a — d) = ca — cd — ba + bd 


| c — b | 2 = (a — d)(c — b) = ac — ab — dc + db. 

Then (BG) conditions imply: 

| a — d\ 2 + | c — b\ 2 = (cd + ac) + (bd + db) — ((cd + dc) + (bd + ab)) = 0. 

Finally, \a — d\ 2 = \c — b\ 2 = 0 implies that a = d and c = b and again (BG) conditions imply 5R(a5) = 0 and 
\a\ 2 + \b\ 2 = 1. ■ 


Let V := 


: = { (q e AIhJ be the subgroup of 1C whose elements are diagonal matrices in A 4^. Then the (BG) 

conditions imply that \a\ = 1. The action at infinity is given by q ^ oqoi, which is the usual action of 50(3) on the 
purely imaginary quaternions. 

Therefore: 


Corollary 2.14. The group V is isomorphic to 50(3). 
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3. The quaternionic modular groups. 

In this section we investigate a class of linear transformations which will play a crucial role in the definition of the 
quaternionic modular groups. 

3.1. Quaternionic Translations. We recall that a translation : Hj|j -A defined as q q + w is a hyperbolic 

isometry in Hjj if it is a transformation associated to the matrix ^ J ^ ^ G he. if if is such that 5 ?(cj) = 0. 

In what follows we consider translations where uj is the imaginary part of a Lipschitz or Hurwitz integer. We remark that 
the imaginary part of a Lipschitz integer is still a Lipschitz integer but the imaginary part of a Hurwitz integer is not 
necessarily a Hurwitz integer. 

Definition 3.1. An imaginary Lipschitz quaternion (or imaginary Lipschitz integer) is the imaginary part of a Lipschitz 
quaternion, a quaternion whose real part is 0 and the others components are all integers. The set of all imaginary Lipschitz 
quaternions is 


9H(Z) = {bi + cj + dk G HI : 6, c, d G Z} . 

We denote by 7 ot(z) the abelian group of translations by the imaginary Lipschitz group 9H(Z), i.e. such that q q + cj, 
(d = n 2 i + ns} + 774k where the n’s are all integers; equivalently q i-A q + cj belongs to 7 ot(z) if an( f on ly if u G 9H(Z). 
Thus the elements of 7 ot(z) are given by matrices of the form: 

^ with 5 R(gj) = 0 

The group 7^e(z) acts freely on as a representation of the abelian group with 3 free generators Z ® Z ® Z. A 
fundamental domain is the following set {q = xq + rzqi + x 2 j + xs k G : \x n \ < 1/2, n = 1, • • • , 3}. This set is referred 
as the chimney in figure 1 in section 5. It has two ends, one of finite volume which is asymptotic at the point at infinity. 
The other end has infinite volume, it is called a hyperbolic trumpet. 


( 1 id 

VO 1 


3.2. Inversion. Let us consider now 


r(q)=tr '=A 


Clearly T is a linear fractional tranformation of and its representative matrix is 


The only fixed point of T in is 1 since the other fixed point of T in HI is — 1 which is not in Hj|j. We also notice here 
that in the topological closure of (denoted by H^) the points 0 and 00 are period ic (o f period 2) for T. Furthermore 


T is an isometric involution^] of because it satisfies (BG) conditions of Proposition 2.8 In particular T is an inversion 


on § 3 which becomes the antipodal map on any copy of § 2 obtained as intersection of with a plane perpendicular to the 
line passing through 0 and 1. Finally, this isometry T leaves invariant the hemisphere (which is a hyperbolic 3-dimensional 
hyperplane) n := {q G : |q| = 1}. Each point of n different from 1 (which is fixed by T) is a periodic point of T 

of period 2. 

Definition 3.2. Let 


C = { q = x 0 + aqi + x 2 j + x 3 k G : |q| = 1, \x n \ < 1/2, n = 1, • • • ,3}. 

Then, C is a regular hyperbolic cube in n. The points of the form | ± |i ± ± ^k, are the vertices of C and in particular 

they are periodic of period 2 for T. These eight points are Hurwitz units (but not Lipschitz units). 


3.3. Composition of translations and inversion. We observe that if r CJ ( q) 
corresponding matrix 

id 1\ _ (l df\ f 0 1\ _ 

1 OJ ~ [O lj \1 OJ ’ 

similarly R u := Tr u has as corresponding matrix 


0 1 

1 id 




q + cj, id G H, then L u := t^T has as 


Therefore R u is represented by interchanging the elements on the diagonal of the matrix which represents L u . In the 
following table, we list the matrices associated to iterates of L u = r^T with suitable choices of cj. In the table all possible 
choices of signs are allowed. 


2 In the following sense; T sends every point of a hyperbolic geodesic parametrized by arc length 7 ( 5 ), passing through 1 at time 0 (i.e. such 

that 7 ( 0 ) = 1), to its opposite 7 (— s). In other words, T is a hyperbolic symmetry around 1. 
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lo = ±i or u> = ±j or w = ±k 

uj 2 = -1 

uj fit d=i d= j or uo = zbi zb k 
or (jj = zbj zb k 
c v 2 = -2 

UJ = zbi zb j zb k 

Lv 2 = —3 

«-(“ i) 

i) 

«- (« T) 

«=(o:) 

«- (”. 

m) 

o) 

** C o' A) 

1 1 

II 

^ 3 

^4 

e 

II 

L ° 



«- (-0 1 -°0 


«- a ;) 


We can see that the order of L ^ depends on u j; in particular, each of the six transformations L ^ with uj = zbi, zbj, zbk, has 
order 6 but when restricted to the plane := {q = x\ + x\\ + xjj + G : x a = 0 if a ^ uj, 0}, with u = i, j, k has 
order 3. Furthermore qo is a fixed point for L u = rJT with uo = 0, zbi, zbj, zbk, if and only if qo is a root of q 2 — cjq — 1 = 0. 
If uj = 0 there is only one root in (and so only one fixed point for T), namely qo = 1. If uj = zbi, zbj, zbk, then it is 
easily verified that if a and /3 are two roots of q 2 — cjq — 1 = 0, it follows that Sft(a + /?) = 0 or Sft(a) = —Sft(/?). Since a root 
of q 2 —uj q— 1 = 0 is o = ^ + f (a = ^ — f) any other possible root (3 of the above given equation would not sit in H^. 
In the same way qo is a fixed point for R u = Tr u with uo = 0, zbi, zbj, zbk, if and only if qo is a root of q 2 + qco — 1 = 0. If 
uj = 0 there is only one root in (and so only one fixed point for T), namely q 0 = 1. If u = zbi, zbj, zbk, then it is easily 
verified that if a and f3 are two roots of q 2 + qcj — 1 = 0, it follows that SR(ck) = —Sft(/?). Since a root of q 2 + quo — 1 = 0 
is a = ^ — j any other possible root (3 of the above given equation would not sit in H^. 

Briefly, the only fixed point of L u in is ^ ^ and the only fixed point of R u is ^ 

3.4. The Lipschitz Quaternionic modular group PSL( 2, £). We are now in the position of introducing the following: 

Definition 3.3. The Lipschitz quaternionic modular group is the group generated by the inversion T and the translations 
7ot(z)- It w ^l be denoted by PSL( 2,£). 

Remark 3.4. The group PSL( 2,£) is obviously a discrete subgroup of PSL( 2,H) (more precisely, of M. H iJ. It is 
important to emphasize that the quaternionic modular group is a proper subgroup of PSL{ 2,H(Z)); indeed, the subgroup 
generated by (proper) translations and by the inversion T in Hjj has elements which are represented by matrices with 
Lipschitz integers as entries, but in general an arbitrary element in PSL( 2,H(Z)) does not satisfy (BG) conditions of 
Proposition 1.5 and therefore it does not preserve H^. 


3.5. Lipschitz unitary and affine subgroups of PSL{ 2,£). Let £ u the group (of order 8) of Lipschitz units 

£« := {±1, ±i, ±j, ±k : i 2 = j 2 = k 2 = ijk = -1}. 

This group is the quaternion group which is a non-abelian group of order eight. Moreover, its elements are the 8 vertices 
of a 16-cell in the 3-sphere § 3 and the 8 barycentres of the faces of its dual polytope which is a hypercube also called 
8-cell. 


Definition 3.5. The subgroup U{£) of PSL(2, £) whose elements are the 4 diagonal matrices 


D u := 


u 0 
0 u 
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with u a Lipschitz unit is called Lipschitz unitary group. 

The Lipschitz unitary group is isomorphic to the so called Klein group of order 4 which is isomorphic to Z/2Z 0 Z/2Z, 
since ij = k. Moreover, we observe that the action on Hj|j of the transformation associated to 

u 0\ 

0 u) ’ 

where u = i,j or k is for conjugation and sends a quaternion q G to uqu -1 . It acts as a rotation of angle 7r with axis 
the vertical hyperbolic 2-plane 

S u = {x + yu : x, y G M, x > 0}. 

Definition 3.6. The Lipschitz affine subgroup (or the Lipschitz parabolic subgroup) A(£) is the group generated by the 
unitary group U{£) and the group of translations T^u(z)- Equivalently 


(4a) 

(4b) 


- 4(£) = { (o u - £ - ,hh> = °} 
«■{(" "A u,£„, »((,) = oj. 


Remark 3.7. The Lipschitz affine subgroup A(£) is the maximal Lipschitz parabolic subgroup of PSL( 2,£). Moreover 
A(£) C PSL{ 2,£) nd(i). Furthermore, this subgroup leaves invariant the horizontal horospheres Sft(q) = xq > 0 and 
also the horoball 3?(q) > xq > 0. 

Evidently Zl(£) is a subgroup of PSL( 2,£) and, since ij = k, it is generated by hyperbolic isometries associated to the 
matrices 


i 0 
0 i 


j 0 
0 j 


1 u 
0 1 


where u = i, j and k. 


Remark 3.8. In particular, since the transformation represented by the matrix 


u 0 
0 u 


is a rotation of angle i r which 


keeps fixed each point of the plane S u (the u axis of rotation”), the combination of such a rotation and the inversion leads 

to a transformation represented by the matrix ^ with u = i, j, k. For these trasformations the plane S u , with 

u = i, j, k is invariant. Both rotations and inversion composed with a rotation of the plane leave invariant the sphere II 
and have 1 as a fixed point. 


We have the following properties: 
(1) The inverse of a matrix 


0 d 


G A(M) is the matrix 


,-i 


0 


—a x bd 1 
d- 1 


eA{ H). 


u u b 
0 u 


i-> u 


(2) If we consider the group £ u of order 8 of Lipschitz units, then the map 

A(£) —y £y 

is an epimorphism whose kernel is: 

Uh(Z) = ^ 0 

Thus we have the exact sequence 

0 —> 7iM(z) — y A(£) —> : Z/2Z 0 Z/2Z — > 0 

This sequence splits and the group A(£) is the semi-direct product of 7 ot(z) with U{£). 


1 uo 

1 


lo £ 3H(Z) j 
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3.6. A congruence subgroup of PSL{ 2, £). Let A( 2, £) denote the finite-index subgroup of *4(£) generated by the 12 
translations 

{r u+v : u/v and u, v = ±i, ±j, ±k}. 

In fact we only need the three translations Ti+j, Ti + k and rj + k to generate A( 2, £) but the twelve translations are important 
to describe its fundamental domain (see section 10). 

Thus *4(2, £) consists of elements corresponding to matrices in PSL( 2,£) associated to the general Lipschitz translation 

such that x + y + z = 0 (mod 2). 

Definition 3.9. Let T(2,£) be the group generated by *4(2, £) and the inversion T. 

This group plays the role of a congruence group modulo two and in fact it is a subgroup of index two of PSL( 2, £). It 
corresponds to a subgroup of Lorentz transformations with integer entries which will become particularly important in 
section i 


f 1 XI + yj + zk 

V 0 1 


4. The Hurwitz modular group and its unitary and affine subgroups. 


In analogy with the introduction of the unitary, affine and modular groups in the Lipschitz integers setting of the previous 
sections, we give the following generalization 

Definition 4.1. Let S) u be the group of Hurwitz units 


:= (±1, ±i, ±j,±k, t(±l±i±j±k): i 2 = j 2 = k 2 =-1,ij = k} 
where in |(±1 ± i =b j =t k) all 16 possible combinations of signs are allowed. 

This group is of order 24 and it is known as the binary tetrahedral group. Its elements can be seen as the vertices of the 
24-cell. We recall that the 24-cell is a convex regular 4-polytope, whose boundary is composed of 24 octahedral cells with 
six meeting at each vertex, and three at each edge. Together they have 96 triangular faces, 96 edges, and 24 vertices. It 
is possible to give an (ideal) model of the 24-cell by considering the convex hull (of the images) of the 24 unitary Hurwitz 
numbers via the Cayley transformation 4/(q) = (l + q)(l — q) _1 . 


Definition 4.2. The subgroup U{Sf) of PSL( 2,H) given by the 12 diagonal matrices 

D u := 

with u a Hurwitz unit is called Hurwitz unitary group. 


u 0 
0 u 


The epimorphism S) u -A U(S)) given by u i-A D u has kernel {1, —1} so it is of order two. Any matrix in U(fi) satisfies 
the (BG) conditions and is an isometry which represents a rotation in H^. Moreover, we observe that the action on Hjj 
of the transformation D u where u = i, j, k or u = |(=bi d= j d= k) is for conjugation and sends a quaternion q G to 
uqu -1 . If u = i, j, k it acts as a rotation of angle i r and if u = |(=bi =b j =b k) it acts as a rotation of angle The axis 
of rotation of the transformation D u is the vertical hyperbolic 2-plane 


S u = {x + yu : x, y G M, x > 0}. 

The group U($f) is of order 12 and in fact it is isomorphic to the group of orientation preserving isometries of the regular 
tetrahedron. It clearly contains W(£) as a subgroup but is not contained in the Lipschitz modular group PSL( 2,£). 


Definition 4.3. The Hurwitz modular group is the group generated by the inversion T, by the translations 7ot(z) an( d by 
U{Sf). It will be denoted by PSL(2,$f). 

Proposition 4.4. The group PSX(2, £) is a subgroup of index three of the group PSL(2,$f). 


Proof. This is so since the order of the group of transformations induced by the diagonal matrices with entries in the 
Lipschitz units is of index three in the group of transformations induced by diagonal matrices with entries in the Hurwitz 
units. ■ 


Definition 4.5. The Hurwitz affine subgroup (or the Hurwitz parabolic subgroup) A(S 3 ) is the group generated by the 
unitary Hurwitz group U{S 3) and the group of translations T^mz) • Thus, 


(5a) 


A(Sj) = 



1 ) 


u e S) u , 3?(&) = 0 
u G Sj u , dt(b) = 0 


(5b) 


MODULAR GROUPS AND ORBIFOLDS OVER QUATERNIONS 


11 


It follows from the definition that PSL( 2,£) C PSL(2ft). It is worth observing here that using the Cayley transforma¬ 
tions T(q) = (1 + q)(l — q) _1 one can represent the actions (in terms of mutiplication/rotations) of the Hurwitz units 
on the unitary sphere § 3 as transformations of H^. Indeed, to any such a transformation it is possible to associate one 
of the following 24 matrices 

(with u a Hurwitz unit); each of these matrices represents a rotation around 1 given by the formula 
(6) q i-A ((u + l)q + u — l)((u - l)q + u + 1) _1 . 

This way of representing (the group of) Hurwitz units in terms of matrices can be considered as a way to generalize Pauli 
matrices. Let Pft) C PSL( 2,H) be the group of order 24 of rotations as in §• This group is obviously isomorphic to 
f) u . The orbit of 0 under the action of S) u on the boundary U {oo} are the vertices of the 24-cell given by (J8| in 
section 10 and are the images under the Cayley transformation of the Hurwitz units. 

If we consider the group S) u of order 24 of Hurwitz units, then the map 

A(S)) -t s '),,, ^ g ^ u 

is an epimorphism whose kernel is: 

n H(Z) = {( J 1 ) : we3H(Z)j 

Thus we have the exact sequence 

o —► r OT( z) —► Aft) —► uft) —► o 

This sequence splits and the group Aft) is the semi-direct product of 7 ot(z) with Uft). 

The group Uft) C Uft) is a normal subgroup and we have the exact sequence 

0 —> Uft) —> Uft) —> TLjZTL —► 0 

Definition 4.6. Let Uft) and Uft) be the subgroups of PSL(2ft) and PSL(2ft) which fix 1 (in fact these subgroups 
are the maximal subgroups which also preserve the cube C and the hyperplane TV). 

We have the following proposition as a conseguence of all previous results: 

Proposition 4.7. The groups Uft) and Uft) are the subgroups generated by T andUft) andT and Uft), respectively. 
We write 

Uft) = (T,«(£)) and Uft) = (T ,Uft)). 

Since T 2 = X and T commutes with all of the elements of Uft) and Uft) we have: 

Uft) = Z/2Z ® Uft) and Uft) = Z/2Z ®Uft). 

Remark 4.8. The groups PSL( 2, £) and PSL(2 ft) are discrete and preserve the half-space and the hyperbolic metric 
ds (as introduced in Remark 2.7) so they are 4-dimensional hyperbolic Kleinian groups in the sense of Henri Poincare 
(see the book of M. Kapovich [23 ]). 

5. Examples of polyhedra and orbifolds modeled on H^. 

Let us start by recalling some basic facts about group actions. 

Definition 5.1. Given a group Tq acting continuously on a metric space Vt, we say that a subset V of Tl is a fundamental 
domain for Tq if it contains exactly one point from each of the images of a single point under the action ofT q (the so 
called orbits ofTn). 

There are many ways to choose a fundamental domain for a group of transformations of Q although it generally serves as 
a geometric realization for the abstract set of representatives of the orbits. Typically, a fundamental domain is required 
to be a convex subset with some restrictions on its boundary, for example, smooth or polyhedral. The images of a chosen 
fundamental domain under the group action then tessellate the space Tl. 

In this paper we’ll mainly deal with groups of matrices whose entries are quaternions and therefore acting on quaternionic 
hyperbolic spaces; we then investigate their fundamental domains and the quotient spaces. In this section we investigate 
the geometric properties of some hyperbolic orbifolds obtained as quotients of under the action of some discrete 
subgroups of isometries generated by reflections on the faces of two convex polyhedra of finite volume. 

For an introduction to the theory of orbifolds we refer to the appendix of this paper. One way to construct examples of 
good orbifolds of finite volume which are modeled on PSL( 2, £) is to consider ideal convex polytopes in with a finite 
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Figure 1 . Schematic picture of the chimney which is the fundamental domain of the parabolic group (generated 

by the translations t- 1: tj and 7k), the polytope V and the polytope V and its inversion T{V). The horizontal plane 
represents the purely imaginary quaternions that forms the ideal boundary and above it the open half-space of 

quaternions with positive real part H^. 


number of points at infinity and with some faces identified in pairs by elements of PSL( 2, £) and others which admit a 
subdivision in subfaces identified in pairs by elements of PSL( 2,£). 

5.1. A quaternionic kaleidoscope. We begin with the ideal convex hyperbolic polytope V with one vertex at infinity 
which is the intersection of the half-spaces which contain 2 and which are determined by the following set of hyperbolic 
hyperplanes 


' n := {q G Hi : |q| = 1} 

n_i := {q € Hjjj : q = x 0 - \\ + x 2 ] + a; 3 k, x 0 > 0, x 2 ,x 3 G M} 

11^ := {q G HjJj : q = x 0 + \i + x 2 j + x 3 k, x 0 >0, x 2 ,x 3 G K} 

: q = x 0 + x\i - |j + :r 3 k, x 0 >0, x\,x 3 G R} 
q = 2:0 + X\i + |j + x 3 k, a ; 0 >0, xi, x 3 G M} 

II_k := (q G Hj : q = x 0 + x\\ + x 2 j - |k, x 0 > 0, xi,x 2 G M} 

Ilk := (q G Hflj : q = x 0 + x\\ + x 2 j + ,',k. x 0 > 0, x\,x 2 G M} 

The polytope V is bounded by the hemisphere II and the six hyperplanes II n (n = 4, — are orthogonal 

to the ideal boundary and pass through the point at infinity that is denoted by oo. 

The only ideal vertex of V is the point at infinity. The (non ideal) vertices of V are the eight points ^(d=i =b j ± k) which 
are the vertices of the cube C C II which was defined in subsection 3.2. 

The politope V has seven 3-dimensional faces: one compact cube C and six pyramids with one ideal vertex at oc as their 
common apex and the six squares of the cube C as their bases. Moreover V has 20 2 -dimensional faces (6 compact squares 
and 12 triangles with one ideal vertex) and 20 edges (12 compact and 8 with one ideal vertex). 

The Euler characteristic of V is 

x(T > ) = Co — c\ + C 2 — C 3 + C 4 = 8 — 20 + 20 — 7 + 1 = 2. 

The convex polytope V satisfies the conditions of the Poincare’s polyhedron theorem, therefore the group generated by 
reflections on the faces of V is a discrete subgroup of hyperbolic isometries of Hjj. We denote this subgroup by G( 3). The 
index-two subgroup generated by composition of an even number of reflections has as fundamental domain the convex 
polytope V U T{V). This subgroup of PSL( 2,H(Z)) which consists of orientation-preserving isometries will denoted 
by G(3) + . We will see below in section 6 that V can be tessellated by four copies of the fundamental domain of the 
action of PSL( 2, £) and by twelve copies of the fundamental domain of the action of PSL( 2,55) on Hjjj. The quotient 
space HjJj/G(3) is a quaternionic kaleidoscope which is a good non-orientable orbifold. Since the polytope V is of finite 
volume the non-orientable orbifold obtained is finite and has the same volume. If we imagine we are inside H^/G(3) for 
a moment and open our eyes we see 4-dimensional images very similar to the 3-dimensional honeycombs of Roice Nelson 
of the figures 9 and 10. 

The orientable orbifold H^/G(3) + is obtained from the double pyramid V U T(V) by identifying in pairs the faces with 
an ideal vertex at infinity with corresponding faces with an ideal vertex at zero. These 3-dimensional faces meet at the 


Hyperplanes of the faces of V =* < 


n_r{q £ hJj 
n i := {qeH; : 
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Figure 2. The boundary of the hyperbolic cube C with the identifications by T and the translations tj 
hyperbolic 3-Kummer space. The picture at the right is its singular locus: a bouquet of three copies of § 2 

attached to a tripod. 


and Tk is a 
(“pillows”) 


square faces of the cube C in II and they are identifying in pairs by a rotation of angle 2tt/3 around the hyperbolic plane 
that contains the square faces. The underlying space is M 4 and the singular locus of Oq{ 3 ) + is a cube. This group is 
generated by the six rotations of angle 2tt/3 around the hyperbolic planes that contain the square faces of the cube C. 

5.2. An orientable bad orbifold Ok 3 - Now we will consider an orientable bad orbifold Ok 3 obtained by identifying 
pairs of parallel faces of V with a vertex at infinity by the translations rp Tj, and Tk and identifying pairs of points of the 
cube C by T. Although this orbifold is not good it is also very interesting since it has as a deformation retract the real 
Kummer 3-fold A 3 , which is defined in the appendix. This Kummer 3-fold is the set of singularities of the orbifold. 

Proposition 5.2. The orbifold Ok 3 has the following properties: 

(1) Ok 3 has one cusp at infinity; 

(2) Ok 3 has finite volume; 

(3) the map F : O k 3 x [0,1] -A O k 3 x [0,1] given by 

F(([z 1 ,z 2 ,z 3 ],t),s) = (([z x ,z 2 ,z 3 ],t),(l - s)t) 

is well-defined and gives a strong deformation retract of Ok 3 to the real Kummer variety K 3 ; 

(4) 0 K 3 — {[zi, z 2: z 3 , 0] G Ok 3 } = T 3 x (0,1); 

(5) The orbifold Ok 3 is simply connected and 

(6) its homology groups are: 

H 0 (O k 3 ) = Z H^Ok 3 ) = 0 H 2 {Ok 3 ) = Z 3 ® Z/2Z H 3 (0 K 3 ) = 0. 

Proof. The volume of Ok 3 is a rational function of tt by a theorem of Coxeter and it was computed explicitely in m- 
Furthermore, as a topological space, Ok 3 is homeomorphic to T 3 x [0, l)/t, where 

T 3 = {(21,2:2,23) € C 3 : \ Zl \ = \z 2 \ = \z 3 \ = 1} 

and t(^i, z 2 , £ 3 , 0 ) = (zl, £ 2 , £ 3 , 0 ) so that the homology groups of Ok 3 and K 3 are isomorphic, i.e. H P (K 3 ) = H p (Ok 3 ) 
p = 0,1, 2, 3,4. In particular, since the Kummer variety K 3 has real dimension 3 it can be triangulated as a compact non 
orientable pseudomanifold; therefore, it is clear that H 0 (Ok 3 ) = Z, H 3 (Ok 3 ) = 0 and H^Ok 3 ) = 0 . 

On the other hand, K 3 can be obtained as a quotient of the cube [—1/2,1/2] x [—1/2,1/2] x [—1/2,1/2] by identifying 
opposite faces by translations and symmetric points with respect to the origin which is the center of the cube. After 
this identification, the boundary of the cube has the homotopy type of a bouquet of three copies of § 2 and the round 
ball in M 3 centered at the origin and radius 1/4 becomes the cone A over the projective real plane Pj|. Let B be the 
complement in K 3 of the interior of A. We can retract radially B to the boundary of the cube with identification and 
observe that A D B = P|. Then K 3 = A U B with A contractible and B homotopically equivalent to a bouquet of three 
2-spheres. Hence it follows from the celebrated Seifert-van Kampen Theorem that K 3 is simply connected. Finally from 
Mayers-Vietoris sequence we have 

-^H 3 {K 3 ) -GF 2 (in5) H 2 {A) (B H 2 {B) ~^H 2 {K 3 ) — {APB) —> 0; 

since 

H 2 (AnB)=H 2 ( P£) = 0, 

H 1 (ADB) = H 1 (Pl)=Z/2Z, 

H 2 (A) © H 2 (B) = H 2 {B) = Z x Z x Z, 

we obtain the exact sequence 


0 
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so we conclude that # 2 (0a 3 ) = Z 3 ® Z/2Z. Finally, if we remove the Kummer variety K 3 we obtain the structure of the 
cusp at infinity. 

■ 

6 . Fundamental domains of the quaternionic modular groups PSL{ 2,£) and PSL(2,$f). 

We start from the following important lemma: 

Lemma 6.1. Let 7 G PSL( 2, EE) satisfy (BG) conditions. If q G tften 

U(q) 


(7) 


^(7(q)) = 


,qc # d | 2 

Proof. We recall that if q G the action of 7 in is given by the rule 

7(q) = (aq + 6)(cq + d) _1 

= (aq + l>)(qc + 5)( R ^). 

Then: 

Sft(aq + 6)(qc + d) + (cq + d)(qa + 5) 


'h'b(q)) = 


2|qc + d| 2 

|q| 2 ac + aqd + 6qc + bd+ |q| 2 ca + cq6 + dqa + db 


2|q c + d \ 2 


5R(6qc + aqd) 


|qc + d \ 2 

Let q = x + yl, where x > 0, y G R and J 2 = —1. Then q = x — yl and 

^(7(q)) = ~~ yI ^ + a(yX + yI ^ 


On the other hand, since 


|qc + d\ 2 
$i(xbc — yblc + xad + yald) 

|qc + d| 2 

x + Sft(— yblc + yald ) 

|qc + d| 2 

x — yblc + yclb + yald — ydla) 

|q c + d| 2 

x + y(—blc + clb + aid — dla) 

|qc + d| 2 

^ ^ "j G P5L(2,H) and f J 1 1 ^ -PSX(2,1HI) and both satisfy (BG) conditions, then 


a b 
c d 


1 / 
0 1 


a al + b 
c cl T 


J ) ePSL(2,H) 


and satisfies (BG) conditions. Therefore (BG) conditions imply: 

{aI T 6 )( — /c T d) T (c/ T d)( —la T 6 ) = 0, 

Then, 

—al 2 c + aid — blc + bd — c/ 2 a + c/5 — dla + db = 0 , 


aid — dla + c/6 — blc = 0. 


Finally, we have 


^(7(q)) = 


X 

|qc + d| 2 


^(q) 

|qc + d| 2 ' 
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Figure 3. Left: The action of t/(£) on the cube C. 

Right: The two hyperbolic cubes C\ and C 2 in C which are the bases of a fundamental domain T& of PSL( 2, £). 


We notice that if one restricts the entries of the matrices to the set H(Z) or Mur, then there are only a finite number 
of possibilities for c and d in such a way that |qc + d\ is less than a given number; therefore we obtain the following 
important 

Corollary 6.2. For every q G H one has 

sup 5R(7 (q)) < oc and sup 5ft(q(q)) < 00. 

1 ePSL{ 2,£) 7 eP5L( 2,13) 

This corollary is the key reason why the orbifolds Hjjj/PSX(2, £) and HJj/P 5L(2, io) are all compact. See section 9. The 
orbifolds H^/PSL( 2,H(Z)) and HyPSX(2, Hw(Z)) of the actions of PSX(2,H(Z)) and PSL(2, Hizr(Z)) on H| are 
compact by a similar inequality. See section 13. 

6.1. Orbifolds and fundamental domains for translations and for the inversion. From the above considerations 
and taking into account the actions of the generators and the affine group one can describe the fundamental domains of 
PSX(2,£) and PSL(2,fi). 

We recall that a fundamental domain of the parabolic group 7 ot(z) (generated by the translations ti, tj and 7k) is 
the infinite-volume convex hyperbolic chimney (defined in 3.1) with one vertex at infinity which is the intersection of 

the half-spaces which contain 2 and which are determined by the set of six hyperbolic hyperplanes II n , where n = 

1 _i i _j k _k 

2 ’ 2 ’ 2’ 2’ 2 ’ 2 ‘ 

The hyperbolic 4-dimensional orbifold A1 t^ h(z) is a 2-cusped manifold which is an infinite volume cylinder on the 3-torus 
T 3 with one cusp (an end of finite volume) and one tube (an end of infinite volume). We can write A4 t^ h(z) = T 3 x M. 

The fundamental domain of the inversion T is closed half-space whose boundary is the hyperbolic hyperplane 

n = {q e Hjjj : |q| = l}. 

The hyperbolic 4-dimensional orbifold Mr has a unique singular point and it is homeomorphic to the cone over the real 
projective space P|. 

6.2. Fundamental domain of PSL( 2, £). Since the quaternionic modular group PSL( 2, £) is generated by 7 ot(z) and 
the inversion T, we can choose a fundamental domain which is totally contained in P. 

The finite Lipschitz unitary group W(£) acts by rotations of angle n around the three hyperbolic 2-planes generated by 
1 and u where u = i,j or k. We divide the cube C in eight congruent cubes by cutting it along the coordinate planes. 
Then V is divided in eight congruent cubic pyramids. We label the cubes with two colors as a chessboard. 

An element of the finite unitary Lipschitz group identifies four cubes (two white cubes and two black ones) with other 
four cubes (two white and two black) preserving the colors. We can give a geometric description of the action of the 
unitary group by means of its representation on the 3-torus T 3 = {(zi, £3) G C 3 : \zi\ = \z 2 \ = \z$\ = 1}. Indeed, we 

associate to 

the self - map of T 3 Fi(zi,z 2 ,z 3 ) = (zi,z^,z^) 

and to 

the self — map of T 3 




Fj(zi,z 2 ,z 3 ) = (zi,z 2 ,z 3 ). 
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Figure 4. Left: The action of U($)) in the cube C. 

Right: the bases of the fundamental domain of PSL(2,Sf). The two hyperbolic pyramids V\ and V 2 in C which are the 

bases of a fundamental domain V% of PSL(2,$f). 


The composition of 



that is represented as 


F k (zi,z 2 ,z 3 ) = (zi,z 2 ,z 3 ). 

This is a sort of “complex multiplication” (like the one defined on certain elliptic curves) on the real torus T 3 . The 
functions Fi, Fj and Fk are conformal automorphisms of the 3-torus acting as symmetries of the cube C and form a group 
of order 4 isomorphic to U{£) = Z/ 2 Z x Z/2Z. 

A fundamental domain for PSL( 2, £) can be taken to be the union of two cubic pyramids with bases two of the cubes 
described in the previous paragraph, one white and one black and with a common vertex at the point at infinity. We can 
choose adjacent cubes to obtain a convex fundamental domain but this is not necessary to have a fundamental domain. 
The inversion T acts by identifying each white cube with a diametrally opposite black one in II. Then a fundamental 
domain for PSL{ 2 ,£) is the union of two cubic pyramids in V. See figure 3. Below we describe other fundamental 
domains which are more suitable to study the isotropy groups and the tessellation in around singular points. 


Definition 6.3. LetCi andC 2 be the two hyperbolic cubes inC which contain the vertices ^(1 + i+j+k) and |(1 — i— j — k), 
respectively. 

Let p£ be the union of the two hyperbolic cubic pyramids with vertex at infinity and bases the two cubes C\ and C 2 . 


Remark 6.4. The elements in T& are the points q = x 0 + xii + X 2 J + 2 : 3 k in V such that the real numbers x n have the 
same sign for all n = 1,2, 3. 


6.3. Fundamental domain of PSL(2,$f), The analysis of the fundamental domain V f, of the Hurwitz modular group 
PSL(2,S)) is analogous to the one of the fundamental domain of PSL( 2 ,£). We recall that PSL(2,$f) is generated by 
the parabolic group of translations 7 ot(z ) 5 the inversion T and the unitary Hurwitz group From our previous 

descriptions of the fundamental domains of the group of translations and the group of order 2 generated by T we know 
that the fundamental domain of PSL(2,$f) is commensurable with V, the pyramid over the cube C. More precisely, 
V is invariant under U{Sf) and therefore the fundamental domain of PSL(2,S)) is the fundamental domain in V of the 
action of U{Sf) on V . Moreover, as U(£) C U{Sf) we have that the fundamental domain of P5X(2,£j) is a subset of the 
fundamental domain V& of the action of PSL( 2 , £). Moreover, since IA{£) is a subgroup of U(Sf) of index three then we 
have that V 3 is a third part of P&. 

Let u £ iOu, then D u £ U{$f) is induced by the diagonal matrix 


D 


u 


u 0 \ 
0 u J 


and acts as follows: q uqu -1 = uqu. Then if u is a Hurwitz unit which is not a Lipschitz unit [i,e. u = l/2(l±id=j=bk)) 
then the matrix D u is of order three and geometrically is a rotation of angle 2tt/3 around the diagonal of C which contains 
u or —u, but only one has a positive real part and then is in H^. As D u = D_ u we can suppose that Sft(u) = 1/2. One 
has D ^ = D u 2 = Di_ u (since SR(u) = 1/2 > 0 , 1 — u is Hurwitz unit and SR(u) = 5R(1 — u) > 0 ). 

The group of Hurwitz units U($f) acts transitively on the edges of C. Therefore a fundamental domain can be determined 
by the choice of one edge of C. Hence a convex fundamental domain is the pyramid with vertex at infinity with base the 
hyperbolic convex polyhedron with vertices the two end points of the edge, the two barycenters of the square faces that 
have the edge in common and 1. However we choose as a fundamental domain a non-convex polyhedron. 
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Definition 6.5. Let V\ and V 2 be the two hyperbolic 3-dimensional square pyramids in C\ C C and C 2 C C, respectively, 
with apex 1 and which have as bases the squares in the boundary of C with sets of vertices 

S := {vi = -(1 if? i + j + k), v 2 = -(v ^2 + i + k), p 3 = -(V 2 + j + k), p 4 = -(V 3 + k)} 

and T({S}) := (T(pi), Tfo), T{v^).T(v^)), respectively. 

Let Tft be the union of the two hyperbolic 4-dimensional pyramids with vertex at infinity and bases the two hyperbolic 
3-dimensional pyramids V 1 and P 2 . 

6 . 4 . Proof that Vz and Vz, are fundamental domains. With the geometric tools so far introduced we can establish 
the following: 

Theorem 6.6. The fundamental domains Vz and V ^ for the actions of the groups PSL(2 , £) and PSL(2 , S)), respectively, 
have the following properties: 

(1) for every q G there exists 7 G PSL( 2,£) (resp. PSL{2,Sf)) such that 7 (q) G Vz (resp. V#). 

( 2 ) If two distinct points q, q' of Vz (resp. V&) are congruent modulo PSL( 2,£) (resp. PSL(i.e. if there 
exists 7 G PSL( 2,£) (resp. PSL(2,Sf)) such that 7 (q) = cf, then q, q' G dVz (resp. V'%). If |q| > 1 then 
7 G A(£) (resp. A(S))). If |q| = 1 then 7 G A(£) (resp. A(S))) or 7 = AT where T is the usual inversion and 
A G A{£) (resp. A($f)). 


(3) Let q G Vz (resp. V&) and let G q = {g G PSL( 2,£)} (resp. PSL{2,$f)) be the stabilizer of q in PSL( 2, £)} 
(resp. PSL(2,$f)) then G q = {1} z/q^ dVz (resp. dV^). 


Proof. Let q G H^. By corollary 6.2 there exists 7 G PSL{ 2,£) (resp. PSL(2,$f)) such that Sft(7(q)) is maximum. 
There exists (ni, 712 , ns) G Z 3 such that the element q' = / T~( ll TL 2 r^ 3 ^(q) is of the form q' = xq + x\\ + X 2 J + T 3 IC where 
\x n | < |, n = 1, 2, 3. Then q' is an element of the fundamental domain of the parabolic group 7 ^e(z)- 
If |q'| < 1, then the element Tq' = (q 7 ) -1 has real part strictly larger than 3 i(q / ) = 5R(7(q)), which is impossible. Then 
we must have |q'| > 1, and q' G V. This shows that given any q G Hjj there exists 7 G PSL{ 2, £) (resp. PSL(2,Sf)) such 
that 7(q) G V. We remember that the elements in Vz are the points q = x 0 + X\\ + X 2 J + in V such that the real 
numbers x n have the same sign for all n = 1,2, 3. The action of an element D u , with u = i, j, k, in the unitary Lipschitz 
group U{£) has the property of leaving invariant x 1 and x n and changing the signs of the other two coefficients. The 
action of an element D u , with u = |(=bl d= i =b j db k), in the unitary Hurwitz group U($f) has the property that it rotates 
multiples of 2tt/3 the cells of around the diagonal passing through u and — u of the cube C. Then we can use one 
element in U(£) to have a point q" of the orbit of q G Vz- In the Hurwitz case we can use one element in U($f) to have 
a point q" of the orbit of q G This proves (1). In others words, the orbit of any point q G under the action of 
the group PSL( 2,£) (resp. PSL( 2,i})) has a representative in Vz (resp. V#). 

Let q G Vz (resp. V$f) and let 7 = ^ ^ d ) ^ PSL( 2,£) (resp. PSL(2,$f)) such that 7 ^ X, where T is the identity 

matrix in PSL( 2 ,H) and y(q) G Vz (resp. Vsf). We can suppose that Sft( 7 (q)) > Sft(q), i.e. |cq + d| < 1 . This is clearly 
impossible if \c\ > 1 , leaving then the cases c = 0 or \c\ = 1 . 

I) lfc = 0 , we have |d| = 1 and (BG) conditions imply that ad= 1 and bd + db = 0. There are two cases: 

1.1) If d = 1, then a = 1 and Sft(6) = 0. Then 


7 = 


1 b 
0 1 


where b = b.i + b.j + 6 k k. If q = x 1 + x.i + x.j + x k k G Vz then 

7 (q) = q' = 27 + (x. + b.)i + (x. + 6j)j + (x k + 6 k )k G Vz, and 

1.1.1) If |fe| = 1 then b = d=i, =bj, zbk; and q = r — where r > Then q is on the vertical geodesic that 

joins a barycenter of a square face of the cube C in the base of V with the point at infinity 00 and so 
q,q' G dVz • 

1.1.2) If \b\ = 2 then b = =bi d= j, =bi d= k, zbj =b k; and q = r — |, where r > ^=. Then q is on the vertical 

geodesic that joins the middle point of an edge of the cube C with the point at infinity 00 and so 

q,q' G dVz • 

1.1.2) If \b\ = 3 then b = =bi ± j zb k; and q = r — |, where r > \. Then q is on the vertical geodesic that 
joins a vertex of the cube C with the point at infinity and so q, q' G dVz • 

1.2) If d 7 ^ 1 then d = a, \a\ = 1 and there are two subcases: 
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Figure 5. Points in C which are congruent modulo PSL( 2, £) and PSL(2,$)). Top line: Points in C which are 
congruent by translations and the top right is the case of the composition of a translation and the inversion T. Bottom 
line: The case of points in C congruent by the action of the unitary groups U(£) and 


1.2.1) If b = 0 then 


7 = 


a 0 


0 a 

Then q is on the hyperbolic plane generated by 1 and a and so q G dVg. 

1.2.2) If b 7 ^ 0, then SR(b) = 0, \b\ = 1 hence b = ±i, ±j, ±k, but b ^ a. Then 

7=f a b 

7 v 0 a 

Then q is on the hyperbolic plane generated by 1 and a and so q G dVg. 

II) If c 7 ^ 0, as |q| > 1 then d = 0. As |cq| < 1 then \c\ = |q| = 1. Then q G OVq. (BG) conditions imply that be = 1 
and ac + ac = 0. 

II.1) If c = 1, then b = 1 and Sft(a) = 0. Then 

a 1 
1 0 


7 = 


II. 2 ) If c 7 ^ 1, then c = ±i, ±j, ±k and b = c. Moreover a = 0 or \a\ = 1 and SR(ac) = 0. Then 


7 = 


To prove (3) suppose that q G Interior^x:). Let 7 be such that y(q) = q. Then there exist e > 0 such that q + e and 
7(q + e) G Interior (Pg). But then by (2) q + e and y(q + e) are in dVg that is a contradiction. The same proof applies 
to show that points in Interior^^) have trivial isotropy group. ■ 

If we use the group PSL{ 2, £) to propagate Tq we obtain a tessellation of that we denote by Y^. The intersection of 
and Y£ with each of the totally geodesic planes S\, 5j, S'k, where S u := {q = x 1 +x.i+x j j+x k k G Hjj : x s = 0 if s 7 ^ u, 0}, 
with u = i,j,k, gives a copy of the closure of a (non-convex) fundamental domain of PSL{ 2,Z) and the associated 
tessellation in the half-space model of H|. See figure 14 in the appendix. Indeed, it is worth noticing here that S u is 
an invariant set for R U ,L U and r u (u = i,j,k); therefore the intersection of p£ and with each of the 3-dimensional 
totally geodesic hyperbolic 3-spaces Sy, Sjk, S^k, where S\ m := {q = x 1 + x.i + x.j + x k k G : x s = 0 if s 7 ^ 1, m, 0}, 
with l,m = i,j,k, gives a copy of the closure of the classical fundamental domain (and the tessellation generated by it) 
of the Picard group PSX(2,Z[i]) for the Gaussian integers acting on the half-space model of H|. See figure 14 in the 
appendix. 

6.5. A fundamental domain of PSL{ 2, £) as an ideal cone over a rhombic hyperbolic dodecahedron. We 

can describe another fundamental domain of the modular group which is convex (and in some sense more symmetrical) 
using “cut and paste” techniques as follows: the fundamental domain is the union of two ideal pyramids with vertex 
at infinity with bases two antipodal cubes C\ C II and C 2 C II of C. We recall that C\ contains the vertices 1 and 
v = ^(1 + i+ j + k). We can divide one of the cubes for example C 2 into the six hyperbolic square pyramids contained in 
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Figure 6. A fundamental domain 1Z& for PSL( 2, £) can be taken to be the pyramid over the rhombic dodecahedron 7 Z 
with apex the point at infinity. A fundamental domain 7 Z# for PSL{2,$f) can be taken to be the pyramid over a third 

part of the rhombic dodecahedron 7 Z. 


II which have as common apex the barycenter of C 2 and bases the square faces of C 2 . Let Pi, Pj, Pk be the three pyramids 
in C 2 that contain the vertices 1 and ■ v ^~ 1 ~ k , , respectively. Let Qi,Qj,Qk be the three pyramids in C 2 

that do not contain the vertex 1 but contain v ^~ , *~ k , v ^~ 1 ~ k , , respectively. Then Pi,Pj,Pk are permuted by the 

element D v in the unitary Hurwitz group U(S)) which is a rotation of angle 2tt/3 around the 2-dimensional hyperbolic 
plane {s + vt G : s,t > 0}. Then they are isometric to each other. The three square pyramids Qi,Qj,Qk are also 
permuted by D v G U($f) therefore they are isometric to each other. However P u is not isometric to Q u for u = i, j, k. 

Let Q = Ci U Pi(Pi) U Pj(Pj) U Pk(Pk) be the convex hyperbolic 3-dimensional polyhedron contained in n with set of 
vertices the eleven points which are the eight vertices of C\ and {D\(v 2 ), .Dj^), Pk(^2)} where V 2 is the barycenter of C 2 . 
Q has 12 triangular faces and 3 square faces. 

Let 1Z = Q U TiPi(Qi) U TjDj(Qj) U TkPk(Qk) be the non convex hyperbolic 3-dimensional polyhedron 

The pyramids Pi(Pi), Pj(Pj), Pk(Pk) are in n and the other three pyramids T[D[(Q[), TjDj(Qj), TkAc(Qk) are in {q G 

1 4 = | q | > 1 }. They form a dihedral angle of 2tt/3 with the ridges of the three square faces in Q. 

The hyperbolic polyhedron 7Z has 24 triangular faces, three square ridges faces and 14 vertices (the 8 vertices of the cube 
C\ and six vertices for each apex of the pyramids of C 2 ). The convex hull of these six vertices is a non regular octahedron 
which is combinatorially equal to the dual polyhedron of the cube C\. The polyhedron 7Z is decomposed in twelve square 
pyramids and this decomposition is combinatorially equivalent to the decomposition of the rhombic dodecahedron. See 
figures 6 and 7. 

The set of imaginary parts of the set of vertices of C\ is the set 

v L 1 j k } +j j+ k i + k i+j + M 

v c 1 • | u ’ 2 2 2’ 2 ’ 2’ 2’ 2 I 

The set of imaginary parts of the set of vertices of 1Z is the set 


Vft := V Cl U Ho 

where 

v f ~i+j + k i-j + k i+j -k 3i+j + k i + 3j + k i+j + 3k | 

4 3 4 ’ 4 4 4’ 4 J ‘ 

We see that the convex hulls of Vc 1 and Vo are Euclidean polyhedra which are a rhombic dodecahedron, a regular 
cube and a regular octahedron, respectively. 


Definition 6.7. Let TZ& be the 4~dimensional non-compact polytope in which is obtained by deleting the point at 
infinity from the convex hull of the point at infinity and the fourteen points which are the vertices oflZ. 


The hyperbolic polytope 7 Z% is an ideal cone over the non convex polyhedron 7 Z with apex the point at infinity. From all 
the previous results and remarks it follows the following: 


Proposition 6.8. 7 Z& is a convex fundamental domain for PSL( 2,£). 


Let 7 Z 1 / 3 C 77. be the hyperbolic polyhedron which is the intersection of 7 Z with two hyperbolic half-spaces determined 
by two 3-dimensional hyperbolic hyperplanes which intersect at the plane generated by v and the real positive axis with 
dihedral angle 2ir/3. The non convex polyhedron 77. 1 / 3 has seven faces: 3 rhombus, 2 triangles and 2 trapezoids. 

The vertices of 77. 1 / 3 are the following 8 points 


2 ^ + 1 + J + k )> 






H+j)’ 1 - 
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Figure 7. The uniform tessellation of the Euclidean 3-space with rhombic dodecahedra. The link of the vertices of the 

tessellation are of two types: a cube and a tetrahedron. 

We have that 7 Z = P 1 / 3 U D v fiR}^ 3 ) U D^LZ 1 ^ 3 ). Hence the hyperbolic volume of P 1 / 3 is a third part of the volume of P. 

Definition 6.9. Let 7 Z^ the 4-dimensional non-compact polytope in which is obtained by deleting the point at infinity 
from the convex hull of the point at infinity and the eight points which are the vertices oflZ 1 ^ 3 . 

TZs) is an ideal cone over the non convex polyhedron P 1 / 3 with apex the point at infinity. From all the previous results 
and remarks it follows the following: 

Proposition 6.10. 7 Zs? is a convex fundamental domain for PSL{2,Sj). 

6.6. Geometric characterization of the quaternionic modular groups. The following fundamental theorem gives 
the description of the Lipschitz quaternionic modular group P5X(2,£) as the group of quaternionic Mobius transforma¬ 
tions whose entries are Lipschitz integers and which also satisfy (BG) conditions. 

Theorem 6.11. Any element in PSL( 2,H(Z)) which satisfies (BG) conditions belongs to the quaternionic modular group 
PSL( 2,£). 

Proof Let A G PSL( 2,H(Z)) satisfy (BG) conditions. Let q = A( 1) and S G PSL( 2,£) be such that p := S(q) G V. 
Then (5TL)(1) =p and by |6.6|it follows that SA G M(£). Hence A G M(£) C PSL{ 2,£). 


This theorem completely characterizes the group of Mobius transformations with entries in the Lipschitz integers which 
preserve the hyperbolic half-space H^. 

This proof can be adapted verbatim to prove the following Theorem which characterizes PSL(2,$))\ 

Theorem 6.12. Any element in PSL( 2,H) which satisfies (BG) conditions with entries in the Hurwitz integers Sj belongs 
to the quaternionic modular group P5X(2,io). 

7. COXETER DECOMPOSITION OF THE FUNDAMENTAL DOMAINS. 

The polytope V is a Coxeter polytope i.e. the angles between its faces called dihedral angles are submultiples of 7r. The 
geometry of the hyperbolic tessellation of that is generated by reflections on the sides of V is codified by these 
angles. We denote this tessellation of by Y. In order to understand it we will consider another tessellation of H^, 
which is a refinement based on a barycentric decomposition of Y and whose cells all are isometric to a fixed hyperbolic 
4-simplex which we denote by A^. This model simplex is a Coxeter simplex with one ideal vertex. We denote by 
Ya £ this refined tessellation of Y. We denote by Y^ and Y^, the tessellations of whose cells are congruent copies 
of the fundamental domains p£ and P^ of PSL( 2,£) and PSL( 2,£), respectively. The tessellation Ya £ is a refinement 
tessellation of Y^ which in turn is a refinement tessellation of Y^ so that both are refinements of Y. 

It is important for us to describe the groups PSL( 2, £) and PSL( 2, Sj) as Coxeter subgroups of rotations of the symmetries 
of the tessellation generated by hyperbolic reflections of A^. 

Let us recall that a complete flag of the 4-dimensional polytope V consists of a sequence (u, e, r, /) of k— faces of P, where 
v is a vertex of the edge e, in turn e is an edge of the 2-dimensional face r (a ridge) and finally r is a 2-dimensional face 
of the 3-dimensional face / of the polytope P. 

Let us consider a complete flag of the pyramid P in the half-space model of with the ideal vertex at oo and with 
base the cube C. Let A,B,C,D be the barycenters of the k— faces of a flag in C; i.e. the barycenter of the cube C, 
one of its six square faces, one of its four incident edges and one of its vertices, respectively. We chose, for example, 
A = 1, B =s + i), C = + |(i + j) yD=^(l + i+ j + k), as in the figure 8. 
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Figure 8. The Coxeter decomposition into 48 tetrahedra of a cube in the Euclidean 3-space. 


Let A£ be the non-compact hyperbolic 4-simplex whose five vertices are A, B,C,D and oo. Then has five hyperbolic 
tetrahedral faces: one compact tetrahedron with vertices A,B,C,D, and four tetrahedra with one ideal vertex at oo. 
Moreover A^ has 10 triangles (4 compact and 6 with one ideal vertex) and 10 edges (6 compact and four with one ideal 
vertex). The dihedral angles of the five 3-dimensional faces of A£ meet in pairs in the 10 two dimensional faces. 

The orthogonal projection of A^ on the ideal boundary of is a 3-dimensional Euclidean tetrahedron that we denote 
by A|. The ideal triangles of A^ which are asymptotic at oo have the same angles that the corresponding dihedral angles 
of the edges of A^. The 3-dimensional faces of A£ which meet in compact regular 2-faces which have the origin as a 
vertex have dihedral angle it/2 because the hyperplanes in A£ which are asymptotic at oc and contain 0 are orthogonal 
to the ideal boundary and to the unitary sphere II. 

The Euclidean tetrahedron A|. is the standard Coxeter’s 3-simplex A(4,3,4), see [12]. The Euclidean tessellation whose 
cells are isometric copies of the tetrahedron with Coxeter symbol A(4, 3,4) is the refinament obtained by means of the 
barycentric subdivision of the classic tessellation by cubes of the Euclidean 3-space whose Schlafli symbol is {4,3,4}. 
Each cube is divided into 48 tetrahedra of type A(4, 3,4). The Schlafli symbol of a cube is {4, 3}.This symbol means that 
the faces of a cube are squares with Schlafli symbol {4} and that the link of each vertex is an equilateral triangle with 
Schlafli symbol {3}. The symbol of the tessellation {4,3,4} of the Euclidean 3-space means that the 3-dimensional cells 
are cubes with Schlafli symbol {4, 3} and that the link or verticial figure of each vertex in the tessellation {4,3,4} is an 
octahedron with Schlafli symbol {3,4}. 

We can compute the dihedral angles of A(4, 3,4) by means of {4,3,4}. The dihedral angles at the edges AC,CB and 
DB are 7r/2 because the incident tetrahedra at these triangles are orthogonal. The dihedral angles at AB and CD is 7r/4 
because there are eight tetrahedra around these edges in {4, 3,4}. Finally, the dihedral angle at AD is tt/3 because there 
are six tetrahedra with a common vertex D of the cube, two for each square at the corner of the cube C. 

The dihedral angle of A£ at the triangle BCD is the angle subtended by the hyperplane II and the hyperplane IE. 
The intersection of the cells of the tessellation Y£ with the 2-dimensional hyperbolic plane {q = xq + x\\ G HU is 
the classic tessellation of the fundamental domains of the action of the 2-dimensional modular group PSL( 2,Z) on a 
hyperbolic plane. The invariant tesellation of the fundamental domains of PSL( 2, Z) is a regular tessellation whose tiles 
are congruent copies of a triangle with one vertex at the point at infinity and two vertices with angles of tt/3. Then we 
can see that the dihedral angle at BCD is tt/3. See the figure 14. 

In short, we list the 10 dihedral angles of A£i 

ZBCD = 7r/3, ZACoo = 7r/2, ZBCoo = 7r/2, 

ZABoo = 7r/4, ZBDoo = 7r/2, ZABC = 7r/2, 

ZADoo = 7r/3, ZABD = 7r/2, ZACD = 7r/2, 

ZCDoo = 7r/4. 

In order to understand what is the Coxeter group corresponding to the symmetries of Ya £ we need to determine the 
diagram of the Coxeter group. This is a graph with labeled edges which decode the information of Ya £ by means of 
the dihedral angles of A£. For this purpose, we consider the complete graph with 5 vertices and 10 edges with vertices 
corresponding to the five 3-faces /i,..., /s, of the 4-dimensional simplex A£ and edges to the intersection of two faces in 
A£. Given an edge of this graph with end points f n and / m , n ^ m, we label this edge with the natural number p if the 
dihedral angle between the faces f n and / m in A£ is 2 tt/p. 

If we eliminate the edges labeled with the number 2, we have a path graph with 5 vertices with the numbered labels 3, 
4, 3, 4; see [12]. Therefore we can identify A£ with the Coxeter 4-simplex A(3,4,3,4). 

Definition 7 . 1 . Let ^3434} be the hyperbolic Coxeter group generated by reflections on the sides of This group is 
a hyperbolic Kleinian group. 
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Figure 9 . Schematic 3-dimensional version: the hyperbolic tessellation {3,4,4} . 
This figure is courtesy of Roice Nelson [33 


The union of the 6 x 8 = 48 simplexes asymptotic at oc and isometric to with bases in the cube C is P. The Lipschitz 
fundamental domain Vq is obtained as the union of 6 x 2 = 12 simplexes asymptotic at oc and isometric to with 
bases in the two cubes C\ and C 2 . 

The Hurwitz modular domain V # is obtained as the union of 4 simplexes asymptotic at 00 and isometric to A^ since 
PSL( 2 ,£) is a subgroup of index 3 of PSL(2,$)). 

Finally, applying 24 x 48 = 1152 elements of the group r{ 3 ? 4 ? 3 ?4 } to A^ we obtain an union of isometric copies of V that 
forms a 24-cell which is a cell of the regular hyperbolic honeycomb {3,4, 3,4}. See figure 13. There are 24 octahedra in 
a 24-cell and there are 48 simplexes congruent to A^ in each one octahedron. The non-compact, right-angled hyperbolic 
24-cell has finite volume equal to 47 r 2 / 3 , (see [32]). 

We can summarize these previous results in the following theorem 

Theorem 7.2. The Coxeter group ^ 3 ^ 3 4 } of finite covolume contains as subgroups the quaternionic modular groups 
PSL( 2,£) and P5X(2,£>). We have PSL( 2,£) C P5X(2,£>) C r {3?4A4} . 

We have the following indices: 

• [F {3 ,4,3,4} : PSL{2,$f)\ = 4 ; 

• [r{ 3 , 4 , 3 , 4 } : PSL( 2,£)] = 12 and 

• [PSL(2,fi) :PSL( 2,£)] =3. 

7.1. Volumes of the fundamental domains. The Coxeter decomposition of the 24-cell implies that the group of 
symmetries (both orientation-preserving and orientation-reversing) of the 24-cell is of order 24 x 48 = 1152. With the 
action of these 1152 symmetries the 24-cell can be divided into 1152 congruent simplexes where each of them is congruent 
to a A£. One knows from [32] that the volume of the hyperbolic right-angled 24-cell is 47r 2 /3, therefore the volume of 
A£ is (47r 2 /3) divided by 1152, this is (7r 2 /864). Then, we have the following proposition 

Proposition 7.3. The volume ofV £ is 12(7r 2 /864) = 7r 2 /72 and the volume of V # is 4(7r 2 /864) = 7r 2 /216. 

8 . Algebraic presentations of the quaternionic modular groups. 

We now give algebraic descriptions (following geometric approaches) of the quaternionic modular groups PSL( 2, £) and 
PSL(2,$f) in terms of finite presentations by means of generators and relations. For this purpose, we use the Cayley 
graphs of the groups that we construct from the action of the generators of PSL{ 2,£) and PSL( 2,fj) on the orbit of 
a regular point in the fundamental domain of PSL{ 2,£) and PSL(2,$f). Each Cayley graph is a spiderweb of the 4- 
dimensional hyperbolic space and we can read the relations of the groups by considering reduced (or minimal) cycles of 
Cayley graph. We obtain the following presentations of the quaternionic modular groups. 

8.1. Algebraic presentation of the Lipschitz modular group PSL{ 2,£). We begin with the abstract presentation 
of the Lipschitz modular group PSL{ 2,£) generated by the three translations Ti,Tj,Tk and the inversion T. 

Theorem 8.1. The group PSL( 2,£) has the following finite presentation: 

PSL(2, £) = (T, Ti, Tj, Tk | fRfi), 


where 9l£ is the set of relations: 
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Figure 10. Schematic 3-dimensional version: the hyperbolic tessellation {4,4, 3} 
that its dual to {3,4,4}. This figure is courtesy of Roice Nelson [33] • 


T 2 , In : Tj], [Ti : r k ], [r k : rj], 


9U := 


(nT) 6 , (rjT) 6 , (r k T) 6 , 

(TiTjT) 4 , (TiT k T) 4 , (TjT k T) 4 , 

(TiTjTfcT) 6 , 

(nT) 3 (rjT) 3 (r k T) 3 , (TiT) 3 (r k T) 3 (rjT) 3 , 

[( r iU 3 : Rj [( r jU 3 : U) [( r kU 3 : 

[( r iU 3 : r i]i [( r jU 3 : r jL [( r kU 3 : 7k], 

(t u T) 3 t w (t u T) 3 t w , where u/w are units in the set 


In this theorem [• : •] denotes the commutator relation. 

Proof. We denote by G& the Cayley directed graph of the action of PSL( 2, £) on generated by the three translations 
Ti, 7 j,Tk and the inversion T. For each element in PSL( 2,£) we have exactly one vertex in the Cayley graph Gg. Then 
there is a bijective correspondence between the set of vertices of G& and the orbit of a point q in the interior of a cell 
congruent to p£ in the tessellation Y& (see the section 7k. For example, the point q = |(V3 + i + j + k) £ V ^ C p£ is a 
regular point for the orbits of PSL( 2,£) and PSL( 2,iop 

The edges of the Cayley graph G& are the oriented segments that join a vertex corresponding with an element 7 £ 
PSL( 2, £) with the vertex corresponding with the element < 77 , for each generator g of PSL( 2, £). 

For each vertex in G% we have two oriented edges corresponding to each generator and its inverse. Then at each vertex 
of G£ there are the same number of oriented edges that start and end at the vertex. Therefore is a regular digraph. 
Moreover, the number of edges with a common vertex is twice the number of generators which, in our case, is 8 . 

As we have shown, the fundamental domain of the action of PSL( 2 , £) on is a pyramid with the apex at the 
infinity and base a pair of cubes C\ and C 2 that are symmetric with respect to the center of the cube C. We obtain that 
for each 3-dimensional face of P^ there is an oriented edge of G^. In fact, G^ is the 1-skeleton of the dual tessellation 
(in the Voronoi sense) in of the tessellation whose cells are fundamental domains of PSL( 2, £). 

The dual tessellation of {3,4, 3,4} is the regular tessellation whose Schlafli symbol is {4, 3,4, 3}. Geometrically the cells 
of Y are horoballs whose boundary are 3-dimensional horospheres tessellated by the classic tessellation by cubes of M 3 
and whose Schlafli symbol is {4,3,4}. The angle subtended at each pair of adjacent horoballs in a squared face of each 
cube is 7 r/6. 

The generator T is an involution; then it satisfies the relation T 2 = 1. 

There are 3 free generators of the parabolic subgroup 7 ^z(h) of PSX(2,£): TpTj and Tk and they satisfy 3 relations: 
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Figure 11. The unitary groups in the Cayley graphs of the quaternionic modular groups PSL( 2,£) and PSL(2,$)). 
The edges in red correspond to elements of order two and the edges in green correspond to elements of order three. 


[Ti : T k ] = TiT k T; V k 1 = 1, 
fac : 7j] = T k TjT k 1 7j“ 1 = 1. 

This group is isomorphic to Z 0 Z 0 Z. The Cayley graph of Tqz(b) is the 1-skeleton of the classical regular cubic 
tessellation {4,3,4} of M 3 that we identify with the horosphere centered at the point at infinity Sft(q) = c. Each of these 
relations is a cycle in G% of order 4. Geometrically these cycles are squares around the triangles that are the 2-faces 
of the cells that all are congruent to the 24-cell {3,4,3} of the tessellation {3,4, 3,4}. Unions of these one dimensional 
squares form the 1-skeleton of cubes {4,3} in Gg. Each cube is the link in {3,4,3} of an ideal vertex of {3,4,3,4} and 
is joined to another cube by the involution T. Then, in G& we have copies as non-labeled subgraphs of the 1-skeleton of 
{4, 3,4} for each ideal vertex of {3,4, 3,4}. 

The Cayley graph G% is the 1-skeleton of the tessellation which is dual to the tessellation of whose cells are 
obtained as subsets of tetrahedrons by the symmetric subdivision of the cells of {3,4,3,4}. 

The 4-cells associated to G& in are of many types: the horoballs whose Euclidean boundary is tessellated by {4, 3,4} 
and the compact hyperbolic polytopes that are obtained from the truncation of the vertices of p£. The relations of the 
presentation of PSL{ 2,£) are the reduced cycles on the boundary of these polytopes. This give us seven new relations 
that involve the involution T and each one of the free generators Ti,Tj,Tk: 

(nT) 6 = (rjT) 6 = (r k T) 6 = 1, 

(TiTjT) 4 = (TiT k r) 4 = (TjT k r) 4 = (TiTjTvT) 6 = 1. 

The first six relations correspond to the cycles which are dodecagons in G% and which are obtained by bitruncation of 
the triangular 2-faces of the regular tessellation {3,4, 3,4}. They correspond to the isotropy groups of the square faces 
and the edges of C. The last relation can be read from a polygon with 24 edges which corresponds to the isotropy group 
of the vertices of C. 

Finally we consider the action of the unitary group U(£). This group divides the pyramid V and the 3-dimensional cube 
C that is the base of V in eight pyramids and eight cubes. Then the fundamental domain V £ of PSL( 2 , £) is the union 
of two pyramids. We defined the fundamental domain V£ of PSL( 2, £) as two pyramids whose bases are two cubes 
diametrically opposed by 1. 

The unitary group U(£) has order 4. Then we have four points in V as the orbit of a point in p£ by the action of 
W(£). We have a representation of this group in the Cayley graph as a tetrahedron whose vertices are the involution 
elements (tiT) 3 , (tjT) 3 and (rkT) 3 in PSL( 2,£) which correspond to DpDpDk in W(£), respectively . We have two 
more relations from the triangular sides of the tetrahedrons: 

A Tf (73 Tf (r k T) 3 , (7 !Tf (r k T) 3 (rjT) 3 . 

Straight forward computations show the following six commuting relations: 

[A : n [A : n [Ac : T\, 

[A : n], [A : Tj], [Ac : r k ], 

and the following six anti-commuting relations: 

Ai^wAiTw = 1 

where u and w are two different units in the set {i, j, k}. 

In this way we obtain the desired abstract presentation of PSL( 2, £). ■ 
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8 . 2 . Algebraic presentation of the Hurwitz modular group PSL(2,$)). We give now an abstract presentation of 
the Hurwitz modular group PSL(2,fi) generated by three free translations t*, one inversion T and the unitary Hurwitz 
group U(S )). We remember that U($f) is a group of order 12 isomorphic to the tetrahedral group. Let 

wi = ^(l + i+j+k), uii = i(l + i—j-k), uij = t(l — i + j — k), w k = ^(l-i-j + k). 

We remember that D u = ^ q u ^)’ w ^ lere u e #«• We obtain the following presentation of PSL(2,S)). 

Theorem 8.2. 

PSL(2,Sj) = (T,Ti, T],r k , , A^i 5 5 \X*), 

where 94^ is the set of relations: 


T 2 , [n : rj], [ri : r k ], [r k : rj], 
(nT)\ (rjT) 6 , (r k T) 6 , 
innT) 4 , (TiT k r) 4 , (rjr k T) 4 , 
(TiTjT k T) 6 , 


X# := 


(TiT) 3 (rjT) 3 (r k T) 3 , (riT) 3 (r k T) 3 (rjT) 3 , 

[(riT) 3 : T], [(rjT) 3 : T], [(r k T) 3 : T], 

[( r iU 3 : r i]> [( r jU 3 : r j]i [( r kT ') 3 : r k ], 

DuT-wDuT-w, where u/w are units in the set {i,j,k} 
[D U1 : T], [D Ui : T], [D UJ : T], [D Wk : T], 

(AUMAUMAU 3 ,(A, k ) 3 , 

A A^ A A^ k A, 

A< A^ k A A*;/Ai Aji, 

A A k Ai A^ A< Aj, 

A D A A^ A A^ • 


Proof. We denote by the Cayley graph of the action of PSL(2,S)) on generated by three translations t*, one 
inversion T and four matrices in the Hurwitz unitary group U (£) associated to rotations of order 3. 

As PSL( 2,£) is a subgroup of PSL(2,fi) and moreover all the generators of PSL( 2,£) are generators of PSL(2,$f) we 
have the same thirteen relations of PSL( 2, £) that form the set 91& in the theorem |8.1[ 

For the last relations of 94^ we need to consider the action of the Hurwitz unitary group This group divides the 

pyramid V and the cube C that is the base of V in 24 4-dimensional non-compact pyramids and 24 3-dimensional compact 
square pyramids in C. The fundamental domain of PSL(2,fi) is the union of two pyramids. We defined the fundamental 
domain V # of PSL(2,$f) as two 4-dimensional pyramids whose bases are two 3-dimensional square pyramids diametrically 
opposite in C. 

The unitary group U($f) has order 12. Then we have twelve points in V as the orbit of a point in V# by the action of 
We have a representation of this group in the Cayley graph G# as a truncated tetrahedron whose edges are of two 
types: (1) the edges of the tetrahedron, these are associated to the involution elements in W(£) C PSL( 2, £) C PSL(2,S)) 
and (2) the edges of the triangular links of the vertices of the tetrahedron, these are associated to the elements of order 
3 in U(S)) C PSL( 2,fj). See figure 11. 

We choose a set of seven generators of U($f) as generators of PSL(2,$f). First we choose D^D^D\^ E They 

generate W(£) and they satisfy the relations: D[ = (riT) 3 ,Dj = (tjT) 3 and D \ c = {r\fT) 3 . 
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Straight forward computations show the following seven commuting relations: 

[D\ : Ti], [Dj : Tj], [ D k : Tk], 

and the following six anti-commuting relations: 

^uTw^uTw = 1 

where u and w are two different units in the set {i, j, k}. 

Next, we choose D Ul , D Wi , D u . and A^ k E where 

wi = l(l + i+j+k), uii = 1(1+ i— j—k), uij = 1(1 — i + j — k), w k = l(l-i-j + k). 

The quaternion uj i is the vertex of C which has all of its coefficients positive. There are three square faces of C which 
have uji as a vertex. The three quaternions cjpcjpcjk are the three opposite vertices of uq in these three square faces of 
C. Moreover, the four quaternions uq, , ooj , (Jk are the vertices of a regular tetrahedron in H^. See figure 4 or 11. 

We have the following new relations: 


(AM 3 = (AM 3 = (AA 3 = (AM 3 = 1. 

We have the four commuting relations: 

[A* : T\, [D UI : T], [D Ui : T\, [D Uk : T\. 

Finally we have the last four relations, one from each of the four hexagonal sides of the truncated tetrahedron: 

Aa AA^ A A k A< = AAkAA^A A x = 1 
AA k A Ai AAj = A A^/AAiAAi = 1. 

In this way we obtain the desired abstract presentation of PSL( 2,fj). ■ 

The presentations given above are not very efficient and it is possible to reduce the number of generators and relations. 
However with less generators the relations become more complicated. 

For instance, for the Hurwitz group we can obtain a simpler presentation with three generators by considering the 

isometries of corresponding to the three matrices: T = ^ o) ,Ti= (o l) an d An = ( ^0 cj ) ’ 

these generators, using only A := (YiT) 3 and D UJll we have the presentation of the unitary Hurwitz group: = 

(A, Aal I (A) 2 = (AJ 3 = (AAJ 3 ) . This is the usual presentation of the tetrahedral group. Then we can write the 
other elements in U($)) as combinations of A and D Ul \ 

Ac A AA^AA,i, A i = AAi, Du. = A An, A k AAi- 

The translations tj and Tk are obtained using conjugation by D Wl : 

Tj = D Ul T i Dl i , r k = DljiD Ul . 


9. The Lipschitz and Hurwitz quaternionic modular orbifolds. 

In this section we study the geometry of the quaternionic modular orbifolds associated to the action of the quaternionic 
modular groups PSL( 2, £) and PSL(2,S 3). We describe the ends, the underlying spaces and the singular loci of the 
quaternionic modular orbifolds. Moreover we give the local models of these singularities and the local isotropy groups. 
Finally we compute their orbifold Euler characteristic. 

Definition 9.1. Let 0\ := H^/P5L(2,£) and O ^ := H^/P5X(2, be the Lipschitz quaternionic modular orbifold 
and the Hurwitz quaternionic modular orbifold, respectively. 

These quaternionic modular orbifolds are hyperbolic non-compact real 4-dimensional orbifolds of finite hyperbolic volume. 
Both have only one end and their singular loci has one connected component that accumulates to the cusp at infinity. 
Moreover, these orbifolds are diffeomorphic to the quotient spaces of their fundamental domains p£ and V £ by the action 
of the modular groups PSL( 2,£) and PSL( 2,fj) on their boundaries dVz and <9p£, respectively. Then they have the 
same volume as Vz and P^, respectively. By proposition 7.3 these volumes are 7r 2 /72 and 7r 2 /216, respectively. 

Each of the quaternionic modular orbifolds 0\ and O ^ has only one end because Vz and V £ have each one end. We 
study the structure of the ends and we start by describing the sections of their ends and the thin and thick regions in the 
sense of Margulis thin-thick decomposition, see 30 pages 654-665). 
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9.1. The sections of the ends and the thin regions of 0 £ and For r > 1 we denote by £ 3 the horosphere 
centered at the point at infinity in which consists of the set of points in which have real part equal to r. Then £ 3 
with the induced metric of is isometric to the Euclidean 3-space. The affine modular groups A(£) and A($5) are the 
maximal subgroups of PSL{ 2,£) and PSL( 2 ,fj) that leave invariant each horospheres £ 3 for any r > 0. Moreover A(£) 
and A{Sf) are isomorphic to discrete subgroups of Euclidean orientation-preserving isometries of £ 3 . 

The fact that PSL( 2 , £) is a subgroup of index 3 of PSL(2,$fi) implies the existence of an epimorphism 7 r : A(S)) -A A(£) 
with kernel Z/3Z. 

We call £ 3 £ anc [ £3 the intersections of the fundamental domains of the quaternionic modular groups PSL( 2 , £) and 
PSL(2,$f) with £ 3 , respectively. Then £ 3 £ and £ 3 ^ are hyperbolic subsets of with finite volume which are isometric 
to Euclidean 3-dimensional polyhedra. In the Lipschitz case it consists of a pair of cubes which are symmetric with 
respect to the point r, where r G Mfl d£^ c . In the Hurwitz case it consists of a pair of square pyramids in £/? symmetric 
with respect to the point r G M C H. The orthogonal projections into the ideal boundary of of £ 3 £ and £ 3 ^ are the 
same as the orthogonal projections of Tq and V^. There is covering map irg : £ 3 £ —» £ 3 ^ which is three to one. 

Let <S 3 £ := £r/A(£) and <S 3 ^ ’= £% / A($f). These are Euclidean 3-dimensional orbifolds of finite hyperbolic volume. A 
pair of fundamental domains for the actions of the corresponding affine groups on £ 3 are the polyhedra £ 3 £ and 
respectively. 

The actions of the restrictions of PSL( 2,£) and PSL(2,Sf) on the boundaries d£ 3 £ and <9£ 3 ^, respectively give side- 
pairings of £^ £ and £ 3 ^. The quotients of the side-pairing in £ 3 £ and £ 3 ^ are diffeomorphic to <S 3 £ and <S 3 ^, respectively. 
There is an orbifold covering map ns : <S 3 £ -A <S 3 ^ which is three to one. 

A convenient description of these Euclidean orbifolds is as follows: let T 3 = {(21,2:2,23) G C 3 : |2i| = I22 1 = I23 1 = 1} = 
S 1 x S 1 x S 1 be the 3-torus with its standard flat metric. The group of orientation-preserving isometries of T 3 generated 
by the transformations F T , F^, Fp Fj, F k given by the formulas: Ft( 2 i, 2 2 , 2 3 ) = ( 21 , 22 , 23 ), F u (zi, 2 2 , 23 ) = ( 22 , 23 , 21 ), 
F\( 2 i, 22 , 23 ) = ( 21 , 22 , 23 ), Fj( 2 i, 22 , 23 ) = ( 21 , 22 , 23 ) and F k := FjFp is isomorphic to the group U{$f) generated by T 
and U(£f) (see definition 4.6 and proposition 4.7). 

The group U($f) has as subgroups U(£), and U(£). These subgroups are generated by the sets of transformations 

{F T ,Fi,Fj,F k }, {F u , Fp Fj, F k }, {F w , Fp Fj, F k } and {Fi,Fj,F k }, respectively. 

For r > 0 , T 3 x {r}/(Fi, Fj, F k ) is homeomorphic to the Euclidean 3-orbifold <S 3 £ . As a topological space it is homeo- 
morphic to the 3-sphere § 3 . On the other hand T 3 x {0}/(Ft, Fi, Fj, F k ) is homeomorphic to the closed 3-ball B 3 . 

Let [( 21 , 22 , 23 )] denote the equivalence class of orbits under the transformations Ft, F^, Fp Fj, F k . 

There exists a strong deformation retract of O £ and O^ to the Euclidean 3-orbifolds <Sf £ an d repectively. In fact, 
as a topological space 0 £ := Hj I /F5'F(2, £) is homeomorphic to T 3 x [ 0 , 00)/ where T 3 = {(z 1 ,z 2 ,z 3 ) e C 3 : \z x \ = 

1221 = 1231 = 1 } and ~ is the equivalence relation given by the orbits of the action of some groups of diffeomorphisms of 
T 3 generated by the set and subsets of elements FT,Fi,Fj,F k . Moreover T 3 x {r}/T is homeomorphic to § 3 for r > 0 
and T 3 x {0}/r is homeomorphic to B 3 . 

The underlying spaces of the 3-dimensional Euclidean orbifolds <S 3 £ and <S 3 £ are homeomorphic to the 3-sphere § 3 
because they are obtained by pasting two 3-dimensional balls along their boundaries which are 2-dimensional spheres. 
The singular loci of the 3-dimensional Euclidean orbifolds <S 3 £ and <S 3 ^ are the 1-skeletons of their fundamental domains 
divided by the actions of the corresponding groups. Thus, their singular loci are the two graphs which are the 1-skeleton 
of a cube and the graph in the figure 12 , respectively. All edges of the singular locus of <S 3 £ are labeled by 2 . The labels 
of the edges of the singular locus of <S 3 £ are showed in the figure 12 . 

9.1.1. The singular locus of the Lipschitz cusp section. All the isotropy groups of the vertices in the fundamental domain 
of <S 3 £ are isomorphic to U(£). All the isotropy groups of points in the edges of the fundamental domain of <S 3 £ are 
isomorphic to Z/2Z. The isotropy groups of the 6 open 2-dimensional faces and two open 3-dimensional faces are trivial. 
The orbifold <S 3 £ has 8 vertices, 12 edges, 6 square faces and two cubic 3-dimensional faces. 

The orbifold Euler char act eristicj 3 ] of <S 3 £ is 8 (|) — 12(|) + 6 — 2 = 0. 

9.1.2. The singular locus of the Hurwitz cusp section. For <S 3 £ there are vertices in the fundamental domain £ 3 ^ of <S 3 ^ 

with different isotropy groups : U(£) of order four and U($f) of order 12 . Also the edges have three types of isotropy 
groups: the trivial group, the group Z/2Z and Z/3Z. The center r and the vertices r+ 1+J ^ +k and r+ of the cubes 

£ 3 £ have isotropy groups isomorphic to U($f). The points r + k , r — k and r + r + ~ 1 ~ k and r + and r + ~^~ k 

have isotropy groups isomorphic to U(£). See the figure 12 . 

The points in the edges of £ 3 ^ with have r as a vertex and the points r + 1+J ^ +k and r + - 1 ~j~ k as second vertex have 
isotropy groups isomorphic to Z/3Z. The points in the edges of £ 3 ^ with have r as a vertex and the points r + 


3 For the definition of orbifold Euler characteristic we refer to m and the appendix at the end of this paper. 
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Figure 12. The singular locus of the Hurwitz cusp section <S 3 ^. 


r + r + ~^ k , r + ~ 1 2 ^ k as second vertex have trivial isotropy groups. All the points in the other edges of £ 3 ^ 
have isotropy groups isomorphic to Z/2Z. The isotropy groups of the 5 open 2-dimensional faces and of the two open 
3-dimensional faces are trivial. The orbifold <S 3 £ has 4 vertices, 7 edges, 4 triangular faces and one square face and two 
3-dimensional faces. 

The orbifold Euler characteristic of <S 3 ^ is 2(^) + 2(|) — 1 — 2(|) — 4(|) + 5 — 2 = 0. 

Remark 9.2. As it is expected, the orbifold Euler characteristics of both <S 3 £ and <S 3 ^ vanishes since both orbifolds are 
compact and Euclidean. 

9.1.3. The structure of the ends. The family of Euclidean orbifolds *S 3 ^ consists of orbifolds which are homothetic for all 
r > 1. The Euclidean volume V^(r) decreases exponentially to 0 as r -A oc. The same is true for the family <S 3 r > 1 
and the corresponding volume Vg (r), since Ve(r) = 3V$(r). 

The thin parts are open cylinders on the sections <S 3 £ and e> 3 ^, respectively. More precisely, <S 3 £ and <S 3 ^ separate 0\ 
and Ofi, respectively, into two connected components with boundaries <S 3 £ and <S 3 ^, respectively. One of the components 
is compact and the other is non-compact but with finite hyperbolic volume. Using Margulis notation the compact part 
is the thick region and the non-compact part is the thin region of the corresponding orbifolds. The thin regions are the 
non-compact orbifolds diffeomorphic to half-open cylinders Z ^ £ := £ x [ 0 , 1 ) and Z^^ := <S 3 ^ x [ 0 , 1 ), respectively. 
There is an orbifold cover i tz : Z* % Z^^ which is three to one. 

9.2. The thick regions and underlying spaces of 0\ and Each of the underlying spaces of the 4-dimensional 
orbifolds 0\ and O ^ has only one end. The sections of the ends are 3-dimensional Euclidean orbifolds <S 3 £ and <S 3 ^ 
which each of their underlying spaces is homeomorphic to the 3-sphere § 3 . Then the thin regions of 0\ and O ^ are 
homeomorphic to the 4-ball D 4 minus one point for example in its center. Moreover each of the thick regions of 0\ and 
Ojj is homeomorphic to the 4-ball D 4 . 

Then each of the underlying spaces of and O ^ is homeomorphic to the 4-sphere § 4 minus one point thus each of the 
underlying spaces is homeomorphic to M 4 . 

9.3. The singular locus of 0\ and O^. The 3-dimensional faces of V& and V^ are identified in pairs by the action 
of the generators of the Lipschitz and Hurwitz modular groups, respectively. We denote by E£ and E^ the singular loci 
of 0\ and O ^, respectively. They are the 2-dimensional skeletons of their fundamental domains Vz and V#. Then each 
singular locus is non-compact with one connected component. 

The Lipschitz singular locus E|. is the union of a 2-dimensional cube Cy which is obtained by identifying the boundaries 
of the cubes C\ and C 2 in C C n by the action of the group U(£) and the non-compact cone over its 1 -skeleton of the 
2 -dimensional sides of Tq which are asymptotic to the point at infinity. 

The Hurwitz singular locus E^ is the union of the 2-dimensional pyramid Vy which is obtained by identifying the 
boundaries of the union of the two pyramids V\ and V 2 in Ci,C 2 C C C n by the action of the group U($f) and the 
non-compact cone over its 1 -skeleton of the 2 -dimensional sides of V^ that are asymptotic to the point at infinity. 

9.4. Local models of the modular orbifolds singularities. In this section we study the local models of the isolated 
singularities of and O#. 

The local models of the isolated singularities of 0\ and O^ are obtained as quotients of a hyperbolic 4-ball B 4 by the 
action of a discrete subgroup of hyperbolic isometries which fix its center and its boundary which is a 3-sphere. Let 
Fo CFb be the subgroup of hyperbolic isometries of the hyperbolic ball which fix the center of B. Then Fo is the group 
of orientation-preserving isometries of the 3-sphere § 3 . The group Fq is isomorphic to SO(4). 

Let B 4 C H denote, as before, the disk model of H^. 

The ideal boundary of B 4 is the unitary 3-sphere § 3 = {q = a + jdj G : a, /3 G C, |<a| 2 + |/3| 2 = l}. 
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Let SU(2) = | (/3 

phic to SU( 2 ). An element 
We define 


a,/3 G C,|g | 2 + \/3\ 2 = 1 j be the unitary special group. The 3-sphere is a Lie group isomor- 
q = a + /?j G S 3 corresponds to the element 


ft a 


a J) in SU( 2 ). 


/(«,„) = B 4 -> B 4 ; 
f{u,v) (q) ^ uqv 

where \u\ = |i>| = 1. We observe that f( UjV ) GSO(4) and (u,v) G S 3 x § 3 = SU(2) x SU(2). We introduce 

: SU( 2 ) x SU( 2 ) -> SO(4); 


(u,v) i y /( UjU) . 

Since SU( 2 ) x SU( 2 ) is simply connected but the fundamental group of SO(4) is Z/ 2 Z then the kernel of is the group 
with two elements consisting of ( 1 , 1 ) and (— 1 ,- 1 ). 


There is an orthogonal action of § 3 x § 3 on § 3 given by q ^ Qf 1( lQ 2 , for a fixed pair (gi,g 2 ) G § 3 x § 3 . This defines a 
homomorphism of Lie groups S 3 x S 3 G SO(4) with kernel Z/2Z generated by (-1,-1). Then SO(4) is isomorphic to 
the central product § 3 x z / 2 z S 3 . The finite subgroups of 50(4) are, up to conjugation, exactly the finite subgroups of 
the central products of two binary polyhedral groups G\ and G 2 

G\ X Z /2Z G 2 C § 3 X Z /2Z S 3 - 

The finite subgroups of SU ( 2 ) have been classified by Felix Klein in [24] and they are the cyclic groups of order n (n > 1 )), 
the binary dihedral groups (2,2, n) of order 4n, the binary tetrahedral group (2,3,3) of order 24, the binary octahedral 
group (2,3,4) of order 48 and the binary icosahedral group (2,3,5) of order 120. These are the binary polyhedral groups. 
Let T be a finite subgroup of Fo- Let r > 0 and B 4 be the hyperbolic ball centered at the origin of radius r. The ball B 4 
is invariant under the action of T. Let 0 4 (T,r) = B 4 r /T. For every r > 0 the orbifold 0 4 (T,r) = B 4 r /T is equivalent, 
up to rescaling the orbifold metric, to a fixed B 4 e /r for e sufficiently small. Let 0 4 (T) = B 4 e /T. 

Definition 9.3. Let p and q be two integers. Let Y(p,q) C 51/(2) be the abelian subgroup generated by the map 
T p , q { zi,z 2 ) = (e 27 ™/p Z ;L, e 27 ™/ 9 z 2 ). The group T(p, q) is isomorphic to Z/pZ®Z/gZ. Let us denote by 0(p,q) the orbifold 
0 4 (T(p, q),e) = B 4 e /r(p, q). 7/T(Gi,G 2 ) C 50(4) is a finite subgroup isomorphic to G 1 x z / 2 z G 2 , where G\ and G 2 are 
the binary polyhedral groups then we denote by 0(Gi, G 2 ) the orbifold B 4 /T(Gi, G 2 ). If Gk = Z/pZ, where k = 1 , 2 , then 
we write p in the place of Gk in the notation 0(Gi,G 2 ). If Gk = Z/pZ ® Z/gZ, where k = 1 , 2 , then we write (p, q) in 
the place of Gk in the notation 0(Gi,G 2 ). 

9.5. Singular locus of the Lipschitz and Hurwitz modular orbifolds. We give the local groups and the local 
models of the singular points in the locus of the Lipschitz and Hurwitz modular orbifolds Ojx and 0^, respectively. We 
also give a presentation, a fundamental domain, a Cayley graph and a thorough study of its spherical 3-orbifold link for 
each group associated to singular points in the singular loci of and O ^, respectively. 

We can describe orbifold stratifications of the set of singular points of O\ and O ^ according to their isotropy groups. 
The lists of types of singular points and their corresponding isotropy groups can be divided into two types of strata: the 
compact and the non compact. Also in these two groups we can divide the strata according to the dimension of the 
corresponding stratum in the stratification. We give a list of points in 11 strata in the Lipschitz singular locus of (D\ 
and 15 strata in the Hurwitz singular locus of Oj^ which have isomorphic isotropy groups and denote these groups by 
Tk and A m , where k = 1 ,..., 11; m = 1 ,..., 15. 

The isotropy group of a point in a non-compact stratum in the singular loci or is the isotropy group of the action 
of A(£j) and respectively. The singular points of the orbifold 0\ which are in compact strata are in the boundary 

of the cubes C\ and C 2 . The singular points of the orbifold O ^ which are in compact strata are in the boundary of the 
squared pyramids V\ and 7^ 2 . The strata can be characterized by the dimension of the corresponding stratum in the 
stratification and whether the stratum contains the point 1 or not. 

The point q = |(\/3 + i + j + k) G C V& is a regular point for the orbits of PSL( 2,£) and PSL(2,$f). We had 
considered previously V £ and V ^ as unions of the non-compact cones over the cubes C\ and C 2 and the pyramids V\ 
and V 2 with apices the point at infinity, respectively. However, to obtain the isotropy groups it is better to define new 
fundamental regions V& an d V# as follows: 

( 1 ) Let Tz be the non-compact bicone over C\ with apices the ideal vertices at 0 and the point at infinity. 

( 2 ) Let Tfi be the non-compact bicone over Vi with apices the ideal vertices at 0 and the point at infinity. 

These are convex bicones over the cube C\ and the pyramid Vi 3 each with two ends and they are fundamental domains 
for P5L(2,£) and P5L(2,fj), respectively. 
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Remark 9 . 4 . The action of the groups PSL(2,£) and PSL(2,Sj) on their new fundamental regions V& and V ^ is 
equivalent to the action of G( 3) on V described before in section 5.1. The groups PSL(2,£) and PSL(2,Sf) act on T& 
and Vfi by rotations around the 2 -faces of the cube C\ and the pyramid V\, respectively. 

For the strata in or that contain 1 it is easy to calculate the isotropy group as a subgroup of U(£) or U(Sf). For 
the strata or which do not contain 1 we consider the orbit of 1 by the action of points in their isotropy groups. For 
each point p in one of these strata 1 is a regular point for the action of its isotropy group on a 3-sphere § 3 o (p) , where ro 
is the distance from p to 1. Then the orbit of 1 is in correspondence 1-1 with fundamental regions of the correspondent 
isotropy group acting in a 3-sphere § 3 . 

The fundamental regions on § 3 of the isotropy groups of each stratum in the singular loci E£ and E^ are formed by two 
4-simplices. Each 4-simplex has 5 3-dimensional faces. Therefore the isotropy groups have presentations with at most 4 
generators. 

9.6. The stratification of the Lipschitz singular locus. We give the list of 11 strata in the Lipschitz singular locus 
E|. For each stratum we enlist its isotropy group T^, k = 1, ...11, determine a fundamental domain of the action of its 
isotropy group on § 3 , and give a geometrical description of its spherical 3-orbifold (or spherical link). 

In the following list we consider the canonical projection p : C -A C^. It is important to see figure 8 in each case. 

Non compact strata. 

ri Eight 1 -cells. The 1-skeleton of the non-compact cone over the cubes C\ and C 2 C T& is a set of eight open lines 
in Y,£ which are represented in T& as 

a) the half-line {q : q = r, r G M, r > 1}, 

b) the three lines q = rq db i/2, rq ± j/2, r\ db k/2, where rq > 

c) the three lines q = r 2 db (i/2 + j/2), 7*2 ± (i/2 + k/2), 7*2 ± (j/2 + k/2), where r 2 > and finally 

d) the line q = r 3 db (i/2 db j/2 db k/2), where r 3 > \. 

These eight half-lines orthogonally project, under the natural projection V& -A C by geodesics asymptotic to the 
point at infinity, to the barycenter of the cube C cVq, the barycenters of the square faces of C, the half of its edges, 
and two of its vertices, respectively. These 8 open half-lines in T% project to 8 open half-lines in 0\. Their local 
isotropy groups are isomorphic to the group of order 4 isomorphic to U(£). We define Ti = U(£) = Z/2Z x Z/2Z 
as the local isotropy group of the quaternions in these 8 open half-lines. The local model for the singular points 
in this stratum is isometric to the orbifold 0 ( 2 , 2). 

r 2 Twelve 2-cells. The 2-skeleton of the non-compact cone over the cubes C\ and C 2 is a set of twelve triangles with 
one vertex at the point at infinity which are the quaternions in T& that orthogonally projects over the quaternions 
which are the edges of C\ and C 2 . Their isotropy groups are isomorphic to the cyclic group of order 2 isomorphic 
to Z/2Z and we define T 2 = Z/2Z. The local model for the singular points in this stratum is isometric to the 
orbifold 0 (2). 

Compact strata. 

• 0-dimensional. 

T 3 One 0-cell. The common vertex v\ = 1 of C\ and C 2 which is the barycenter of the cube C. Its isotropy 
group is the abelian group T 3 = Z/2Z x U(£) = U(£) = (Z/2Z) 3 of order 8 generated by the involution T 
and the elements in the Lipschitz unitary group. If we take a round hyperbolic ball B r (l) with center at 
q = 1 and small radius r we obtain that its boundary § 3 (1) intersects the tessellation of PSL( 2, £) in a 
spherical tessellation by sixteen Coxeter spherical right-angled regular tetrahedra. These tetrahedra are the 
faces of a 4-dimensional regular convex polytope which is known as the 16-cell, it is the dual polytope of the 
hypercube known as the 8-cell. These polytopes are two of the six Platonic polytopes of dimension 4. The 
Cayley graph of T 3 is the 1-skeleton of a truncated octahedron in § 3 (1). The local model for the singular 
points in this stratum is isometric to the orbifold 0 ( 2 , (2,2)). 

r 4 Three 0 -cells. The vertices V 2 , V 3 , V 4 of Cs which are the images under p of the 6 barycenters of the square 
faces of the cube C. The isotropy group of these vertices is isomorphic to the group T 4 = (Z/ 2 Z x Z/3Z) x 
Z/2Z = Z/ 6 Z x Z/2Z of order 12. It is the group generated by r u T and TD W where u, v = ±i, ±j, ±k 
and u 7 ^ v. The group T 4 leaves invariant two orthogonal hyperbolic planes meeting at the barycenter of 
the square face of the cube; one is the plane containing the face and T 4 acts on it as the group of order 
4 isomorphic to Z/2Z x Z/2Z (the group generated by (r u T ) 3 and TD V restricted to this plane), and the 
other is its orthogonal complement, and T 4 acts on it as a rotation of order 3 (the group generated by 
(r u T ) 2 restricted to this plane). The 12 middle points of the edges are identified in groups of four points by 
translations with three singular vertices of C 0\. The local model for the singular points in this stratum 
is isometric to the orbifold (9(2,6). 
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r5 Three O-cells. The three vertices f 5 ,f 6 ,U 7 of Ce which are the images under p of the 12 middle points 
of the edges of C. The isotropy group of these vertices is isomorphic to the group T 5 = Z/4Z x (Z/3Z x 
Z/2Z) = Z/4Z x Z/6Z of order 24. It is the group generated by TD V , r u+v F, (r v T) 2 and (r u T) 2 where 
u, v = ±i, ±j, ±k, and u ^ v. The group Ts leaves invariant two orthogonal hyperbolic planes meeting 
at the middle point of the edge of the cube; one is the hyperbolic plane whose ideal boundary is the line 
generated by u + v and T 5 acts on it as a rotation of order 4 (the group generated by r u+v F restricted to this 
plane), and the other is its orthogonal complement, and T 5 acts as on it as a rotation of order 6 (the group 
generated by D UV T and (r u T ) 2 restricted to this plane). The 12 middle points of the edges of the cube are 
identified in groups of four points by translations with three singular vertices of Ce C 0\. The local model 
for the singular points in this stratum is isometric to the orbifold 0(4,6). 

T 6 One O-cell. The vertex v% of Ce which is the image under p of the 8 vertices of C. The isotropy group of 

this vertex is isomorphic to the group Tq = (Z/2Z x Z/2Z) x (2, 3, 3) of order 96 where (2, 3, 3) is the binary 

tetrahedral group of order 24. It is the group generated by 7 i + j + kF, ( 7 i + jT) 2 , ( r i+k ^) 2 5 (rj+kF) 2 , (t u T ) 2 

where u = d=i, d=j,d=k. The local model for the singular points in this stratum is isometric to the orbifold 

.0((2,2),<2,3,3». 

• 1-dimensional. 

T 7 Three 1-cells. The points of the three edges of Ce that are incident with the barycenter of C have isotropy 
group T 7 = Z/ 2 Z x Z/ 2 Z. If the point is contained in the edge of C\ which contains 1 and + u/2, then 
T 7 is the group generated by (t u T) 3 where u = ±i, dbj,±k. The group T 7 leaves invariant the hyperbolic 
2-plane generated by 1 and u and the hyperbolic hyperplane II. Moreover Tj acts on it as a rotation of order 
2 in II. The points of these 6 edges in C\ and C 2 are identified in groups of two and form 3 singular edges 
in 0£ incident with 1. The local model for the singular points in this stratum is isometric to the orbifold 
0 ( 2 , 2 ). 

T 8 Three 1-cells. The points of the six edges of Ce which have one vertex at the barycenter of the square faces 
of C and the other vertex is the middle point of an edge of the cube C. Its isotropy group T 8 = Z/2ZxZ/3Z 
is the group generated by (r u T ) 2 and D W T where u,v = ±i±j±k,u^v. The group T 8 leaves invariant 
two orthogonal hyperbolic planes meeting at the vertex of the cube. T 8 acts on one plane as a rotation of 
order 6 and as a rotation of order 4 on the other plane. The points of the 6 edges of C are identified and 
form 3 singular edges in Ce C 0\ which are incident with 1 E Ce. The local model for the singular points 
in this stratum is isometric to the orbifold 0(2,3). 

T 9 Six 1-cells. The points of the three edges of Ce which are incident with a vertex of C. Its isotropy group 
T 9 = Z/2Z x Z/ 6 Z is the group generated by (r u T ) 3 where u = =bi db j db k. The group Tg leaves invariant 
two orthogonal hyperbolic planes meeting at the vertex of the cube. T 9 acts on one plane as a rotation of 
order 6 and as a rotation of order 2 in the other. The points of the 12 edges of C are identified and form 
six singular edges in 0\. The local model for the singular points in this stratum is isometric to the orbifold 
. 0 ( 2 , 6 ). 

• 2-dimensional. 

T 10 Three 2-cells. The points of the interior of a square face of Ce that is incident with the barycenter of C. 
Its isotropy group Tio = Z/2Z is the group generated by fi u T, where u = i, j, k. The group Tio acts on one 
plane as a rotation of order 2 around a hyperbolic 2-plane in II. The points in the 6 squares are identified 
in groups of two with 3 singular 2-cells in 0\. The local model for the singular points in this stratum is 
isometric to the orbifold 0 ( 2 ). 

T 11 Three 2 -cells. The points of the interior of a square face of Ce that is not incident with the barycenter of 
C. Its isotropy group Tu = Z/3Z is the group generated by (r w T) 2 , where u — d=i, =bj, ±k. The group Tu 
leaves invariant two orthogonal hyperbolic planes meeting at the point in the square face of the cube; one 
is the plane containing the face and Tn acts on it as a rotation of order 3, and the other is its orthogonal 
complement and Tu acts on it as the identity. The points in the 6 squares are identified in groups of two 
with 3 singular 2-cells in 0£. The local model for the singular points in this stratum is isometric to the 
orbifold 0(3). 


9.7. The stratification of the Hurwitz singular locus. Now we describe the orbifold stratification of the set of 
singular points of the Hurwitz modular orbifold 0^ according to their isotropy groups. 

We give the list of 15 strata in the Hurwitz singular locus For each stratum we enlist the isotropy group A&, 

k = 1, ...15, determine a fundamental domain of its action on § 3 , and study in detail the corresponding spherical 3- 
orbifold (or spherical link). 

In the following list we consider the canonical projection p : Vd —>• T*e where d = 1,2. 
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In the same way as in the case of the Lipschitz singular locus the list of types of singular points and their corresponding 
isotropy groups can be divided by the dimension and the compactness of the corresponding stratum in the stratification. 
The non-compact strata have the same isotropy groups that the respective Euclidean 3-orbifold which is the intersection 
of 0^ with a horosphere. The list is the following: 

Non compact strata. 

Ai, A 2 Five 1-cells. The 1-skeleton of the non-compact cone over the pyramids V\ and V 2 is a set of five open half-lines 
which are represented in V # as 

a) the half-line {q G : q = r, r G M, r > 1}, 

b) the line q = rq db k/2, where rq > 

c) the two lines q = r 2 =b (i/2 + j/2), 7*2 =t (j/2 + k/2), where 7*2 > -^ and finally 

d) the line q = 7*3 ± (i/2 + j/2 + k/2), where 7*3 > 

These five half-lines orthogonally project, under the natural projection V^ -A C by geodesics asymptotic to the 
point at infinity, to the vertices of V\\ the barycenter of the cube C, the barycenters of any square face of C, the 
half of two of its edges, and two of its vertices, respectively. These 5 open half-lines in V^ project to 4 open lines 
in Ofi. Their isotropy groups are isomorphic for a) and d) to the abelian group of order 8 isomorphic to U(S)) and 
for b) and c) to the dihedral group of order 4 isomorphic to U(£). We obtain Ai := U(£) = Z/ 2 Z x Z/ 2 Z and 
A 2 :=U(S 3) = Z/2Z x Z/2Z x Z/2Z as the isotropy groups of the quaternions in these 5 open half-lines. The local 
models for the singular points in these strata are isometric to the orbifolds 0 ( 2 , 2 ) and 0(2, ( 2 , 2 )), respectively. 
A 3 , A 4 Eight 2-cells. The 2 -skeleton of the non-compact cone over the pyramid V\ C V is a set of eight triangles with 
one vertex at infinity which are orthogonally projected over the quaternions which are the edges of V\ and 7 ^ 2 - 
The isotropy groups of points in the five triangles with base the edges of the square base of V\ and the edge that 
joins 1 with the barycenter of a squared face of C are isomorphic to the cyclic group Z/ 2 Z. For points in the 
diagonal edge of V\ which joins 1 with a vertex of C their isotropy groups are isomorphic to Z/3Z. For points 
in the two edges which joins 1 with middle points of the edges of C their isotropy groups are isomorphic to the 
trivial group, then these points are not singular. We define for these six strata A 3 = Z/2Z and A 4 = Z/3Z. The 
local models for the singular points in these strata are isometric to the orbifolds 0(2) and 0(3), respectively. 

Compact strata. 

• O-dimensional. 

A 5 One O-cell. The common vertex t/j = 1 of V\ and V 2 which is the barycenter of the cube C. Its isotropy 
group is the abelian group A 5 = U(S 3 ) of order 24 generated by the involution T and the elements in the 
Hurwitz unitary group. The local model for the singular points in this stratum is isometric to the orbifold 
0(2, <2,3,3)). 

Ae One O-cell. The vertex V 2 of V s which is the image under p of 2 opposite barycenters of the square faces 
of the cube C. The isotropy group of this vertex is isomorphic to the group A6 = (Z/2Z x Z/3Z) x Z/2Z = 
Z/6Z x Z/2Z of order 12. It is the group generated by r u T and TD V where u, v = d=i, =bj, ±k and u/v. 
The local model for the singular points in this stratum is isometric to the orbifold 0(2,6). 

A7 One O-cell. The vertex vs of Vy which is the images under p of the 12 middle points of the edges of C. The 
isotropy group of this vertex is isomorphic to the group A 7 = Z/4Z x (Z/3Z x Z/2Z) = Z/4Z x Z/6Z of 
order 24. It is the group generated by TD V , r u+v T, (r v T) 2 and (r u T) 2 where u, v = =bi, =bj, d=k, and u/v. 
The local model for the singular points in this stratum is isometric to the orbifold 0(4,6). 

A 8 One O-cell. The vertex tq of Vy which is the image under p of the 8 vertices of C. The isotropy group 
of this vertex is isomorphic to the group A 8 = (Z/2Z x Z/6Z) x (2,3,3) of order 288 where (2,3,3) is the 
binary tetrahedral group of order 24. It is the group generated by D u , Ti + j + kT, (r i+j T) 2 , (r i+k T) 2 , (r j+k T) 2 , 
(r u T) 2 where u = ±i, d=j,±k. The local model for the singular points in this stratum is isometric to the 
orbifold 0((2, 6), (2, 3,3)). 

• 1-dimensional. 

Ag One 1-cell. The points of the edge of Vy which is incident with the barycenter of C and the barycenter of 
a square face of C. Their isotropy groups are isomotphic to Ag = Z/2Z x Z/2Z which is the group generated 
by D{F and DjT. The local model for the singular points in this stratum is isometric to the orbifold 0(2, 2). 
A 10 Two 1-cells. The points of the two edges of Vy which are incident with the barycenter of C and the middle 
points of edges of C. Their isotropy groups are isomorphic to Ai 0 = Z/2Z which is the group generated by 
D{T. The local model for the singular points in this stratum is isometric to the orbifold 0(2). 

An One 1-cell. The points of the edge of Vy which is incident with the barycenter of C and the vertex of C. 
Their isotropy groups are isomorphic to An = Z/3Z. The local model for the singular points in this stratum 
is isometric to the orbifold 0(3). 
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A12 Two 1 -cells. The points of the two edges of Vy which are incident with the barycenter of a square face of 
C and a middle point of its edges. Their isotropy groups are isomorphic to A i2 = Z/2Z x Z/3Z. The local 
model for the singular points in this stratum is isometric to the orbifold 0(2,3). 

A13 One 1-cell. The points of the edge of Vy which are incident with a vertex of C and a middle point of its 
edges. Their isotropy groups are isomorphic to A 13 = Z/2Z x Z/ 6 Z. The local model for the singular points 
in this stratum is isometric to the orbifold 0 ( 2 , 6 ). 

• 2-dimensional. 

A14 One 2-cell. The isotropy groups of the points of the interior of the square face of Vy are isomorphic to 
Am = Z/3Z. The local model for the singular points in this stratum is isometric to the orbifold 0(3). 

A15 Two 2 -cell. The isotropy groups of the points in the interiors of the two triangle faces of Vy which contain 
1 and the barycenter of a square face of C are isomorphic to A15 = Z/ 2 Z. The local model for the singular 
points in this stratum is isometric to the orbifold 0 ( 2 ). 

9.8. The Euler orbifold—characteristic of the Lipschitz and Hurwitz modular orbifolds. We use our previous 
computations on the order of the local groups of the strata in the singular loci of the Lipschitz and Hurwitz modular 
orbifolds to obtain the following: 

Theorem 9 . 5 . The Euler orbifold-characteristic of the Lipschitz and Hurwitz modular orbifolds are 

X-(OS) = i a»d X-(OS) = ± 

respectively. 

Proof The Euler orbifold-characteristic of the Lipschitz and Hurwitz modular orbifolds can be computed by the alternate 
sums of the number of strata for each dimension in E| and in divided for the order of the isotropy group of a point 
in the stratum. 

The Lipschitz modular orbifold has a stratification as CW complex with one vertex with isotropy group of order 8 , another 
vertex with isotropy group of order 96, three vertices of order 12 , and three vertices of order 24. It has three edges with 
isotropy group of order 4, six edges with isotropy group of order 6 , three edges with isotropy group of order 12, and eight 
edges with isotropy group of order 4. It has three 2-cells with isotropy group of order 2 , three 2-cells with isotropy group 
of order 3 and twelve 2-cells with isotropy group of order 2 . Finally it has six 3-cells and one 4-cell with isotropy groups 
of orders 1 . 

The Hurwitz modular orbifold has a stratification as CW complex with one vertex with isotropy group of order 12 , one 
vertex with isotropy group of order 288, and two vertices of order 24. It has one edge with isotropy group of order 2 , one 
edge with isotropy group of order 3, three edges with isotropy group of order 4, two edges with isotropy group of order 
6 , and three edges with isotropy group of order 12 . It has two 2-cells with trivial isotropy group, six 2-cells with isotropy 
group of order 2 and three 2-cells with isotropy group of order 3. Finally it has five 3-cells and one 4-cell with isotropy 
groups of orders 1 . ■ 

Remark 9 . 6 . Since there is an orbifold cover p ^ ^ : 0£ —)► 0^ of order 3 we obtain, as expected: X° rb (0£) = 3x° rb (0^). 

The volume of an orbifold is the same as its fundamental domain. Then we had computed Vol(0£) = 3Vol(0£) in the 
section 7.1. This is related to the Gauss-Bonnet-Euler Theorem for Orbifolds. 

10. Selberg’s covers and examples of hyperbolic 4-manifolds. 

In this section by a Selberg cover we mean a covering space which is a manifold which corresponds to a torsion-free 
and finite-index subgroup. We have already remarked that the group PSL( 2 , £) is a subgroup of the symmetries of the 
honeycomb {3,4, 3,4}. This is a corollary of the results in section [7| Then the fundamental domain Vz of the group 
PSL{ 2 , £) is commensurable with a hyperbolic regular right-angled convex cell {3,4, 3} of the honeycomb {3,4, 3,4} (see 
also [30]). In other words, there is a finite subdivision of Vz and {3,4,3} by congruent polyhedrons. The 24 vertices of 
{3,4, 3} are: 

( 8 ) 0 , 00 , ±i, ±j, ±k, ±i ± j ± k, ——^-. 

Besides the points 0 and 00 the other vertices are the vertices of regular polyhedrons contained in concentrical spheres 
with center at the origin in the ideal boundary of H^: the units form six vertices whose convex hull is an octahedron 
inscribed in the unit sphere. The rest are the 16 vertices of two cubes that are symmetric by the isometry T . 

We consider the parabolic group that we denote by A( 2 ,£) generated by the twelve translations q i-A q + cq where 
a = =bi =b j, =bi =b k, =bj =b k (all possible signs are allowed). 
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The fundamental domain Va(2 ,£) of A(2, £) is a chimney (an ideal cone) with apex the ideal point oc and whose base is 
a polyhedron with 12 faces, one for each point (translation vector) in the generators. The translation vectors form the 
convex hull of a cuboctahedron with 12 vertices in the middle points of the edges of the cube with vertices ±i d= j =b k. To 
obtain the fundamental domain Va( 2,£) we consider the Dirichlet domain of A( 2,£), that is the polyhedron bordered by 
the mediatrices (perpendicular bisectors) of the 12 translation vectors and the origin 0. This is a rhombic dodecahedron 
ltd whose faces consist of 12 isometric rhombi. This is an equilateral convex polyhedron with two types of vertices. The 
rhombic dodecahedron IZd has 6 vertices d=i,=bj 5 =bk adjacent to four rhombi and 8 vertices ±lj= 2 j±k adjacent to three 
rhombi. 

The action of the parabolic group A( 2, £) gives a uniform tessellation of the ideal boundary of (with symmetry group 
transitive in cells, faces and edges) that we identify with M 3 . The cells are congruent rhomboidal dodecahedra. The links 
of the vertices are of two types. In one case they are tetrahedrons and in the other they are cubes. 

Following an approach which reminds the one used by Selberg (see [35]) and taking into account the calculations just 
made for the tessellation of H^, one is led to consider a singular (finite) covering for the orbifold 0\ = Hj I /PS'L(2, £). 
The Selberg’s theorem says that there exist smooth cover hyperbolic 4-manifolds of the orbifolds Ojx and 

Proposition 10.1. By proposition 9.4 the minimal orders of Selberg covers of 0\ and Oj^ are of orders 96 and 288, 
respectively. 

In 1999, J. Ratcliffe and T. Tschantz found 1171 noncompact hyperbolic 4-manifolds which have Euler characteristic 1 by 
side-pairings in a fundamental region {3,4,3} of the honeycomb {3,4, 3,4}, see |32 . In 2004, D. Ivansic showed that the 
nonorientable 4-manifold numbered 1011 in the Ratcliffe and Tschantz’s list, this is, the 4-manifold Mion with the biggest 
order of their symmetry groups, is the complement of five Euclidean 2-torus in a closed 4-manifold with fundamental 
group isomorphic to Z/2Z. Moreover, the orientable double cover Mion is a complement of five 2-torus in the 4-sphere 
[2D]. In 2008 Ivansic showed that this 4-sphere has the same topology of the standard differentiable 4-sphere and not of 
an exotic 4-sphere, see m- In his doctoral thesis J.P. Diaz provides diagrams of this link to give an explicit model of the 
isotopy class of the link. 


10 . 1 . One example by J. Ratcliffe and T. Tschantz of a hyperbolic 4 -manifold. We now recall the beautiful 
construction of a complete, nonorientable hyperbolic 4-manifold of finite volume with six cusps whose cro ss se ctions are 
S 1 x K 2 , where K 2 is the Klein bottle. Let us consider the open unit ball in H with the Poincare metric (see 2.2). Let C24 
denote the 24-cell whose vertices are the Hurwitz unit as seen before. There are 24 faces which are regular ideal hyperbolic 
octahedrons. See the figure 13. Given a face F there is an opposite face — F which is the face diametrically opposite to 
F (the image under multiplication by -1). One identifies F with — F by a composition which consists of a reflection with 
respect to the hyperplane which contains F followed by multiplication by -1. This composition is an orientation-reversing 
hyperbolic isometry which sends C24 onto a contiguous cell of the honeycomb determined by the 24-cell. This pairing of 
each face with its opposite has the effect of creating a nonsingular, nonorientable, hyperbolic manifold with 6 cusps. We 
can take the orientable double covering. 

In 2005, Ratcliffe, Tschantz and Ivansic showed that there are dozens of examples of non-orientables hyperbolic 4-manifolds 
from this list whose orientable double covers are complements of five or six Euclidean surfaces (tori and Klein bottles) in 
the 4-sphere, see [22] . 

Ratcliffe showed that three of these dozen complements can be used to construct aespheric 4-manifolds that are homology 
spheres by means of Dehn’s fillings (see EH)- 


11. Lorentz transformations 


We are mostly interested in the half-space model and in the hyperboloid model of Lorentz and Minkowski hyperbolic 
models. Thus we will study the Cayley transformations that give us isometries of the hyperbolic models. In particular we 
study the representation of PSL{ 2,H) as Lorentz transformations. A Lorentz-Minkowski matrix M is any 5x5 matrix 
such that M l JM — J where M l is the transpose matrix of M and J is the matrix 


J = 


( -1 
0 
0 
0 
0 


0 0 0 0 \ 

10 0 0 
0 10 0 

0 0 10 

0 0 0 1 / 


We observe that the determinant of any Lorentz-Minkowski matrix M is ±1. 

We now describe two 4-hyperbolic models as subsets in M 5 : the hyperboloid model 


(9) 


Lor := {(xo,xi,X2,x 3 ,x 4 ) G M 5 


-1 + ^0} 


^ r\ 2 1 2 1 2 1 2 

: xq > 0, x 1 + x 2 + x 3 + x 4 = 
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Figure 13 . The 24-cell {3,4,3}. 


and the half-space model 

H + := {(1, x% } x 2 , £ 3 , £4) £ M 5 : x 4 > 0} . 

Each of these models has its corresponding complete metric of constant curvature -1 and one can pass from one to the 
other by explicit projections called Cayley transformations (see [26] 1. 

Indeed, if (xo, x\, X2, x 3 , X4) £ Lor then 

1 


( 10 ) 


Xi 


X2 


X3 


Xq + X4 Xq + X 4 Xq + X 4 Xq + X 4 


£ H+ 


In fact, xo + x 4 is positive since, x\ — x\ = (x 4 — xo)(x 4 + #0) = — (1 + x\ + <0 and hence either xo + x 4 > 0 

or x 4 — x 3 > 0, but in this second case this is equivalent to X 4 > xo and since xo is positive, then xo + X 4 is positive. In 
order to prove that the function <f> Lor H + : Lor -A H + 


$Lor,H+ (X 0 ,X 1 ,X 2 ,X 3 ,X 4: ) = ( 1 , 

V 


Xl 


X2 


X3 


Xo + X4 Xo + X4 Xo + X4 Xo + X4 y 

is a one-to-one function, we show that it is invertible. 

Therefore, given (l,y) = (1,?/i,2/2 5 2/3 5 2/4) £ H + , if |y | 2 = y\ + y\ + y\ + y\, then it is readily seen that the inverse of 


$Lor,H+ 

(ii) 

because 


is given by the formula: 


<h -1 

vt Lor,H+ 


(( 1 , 2 / 1 , 2 / 2 , 2 / 3 , 2 / 4 )) = 


$ 


Lor,H+ 


1 


22/4 

| 2/| 2 2/1 2/2 2/3 1 - 


1 + | 2/| 2 2/1 2/2 2/3 1 - | 2/| 2 
2/4 ’ 2/4 ’ 2/4 


22/4 


£ Lor 


= ( 1 , 2 / 1 , 2 / 2 , 2 / 3 , 2 / 4 ). 


22/4 y 4 y 4 y 4 2 t/ 4 
For a matrix M the condition M l JM = J is equivalent to (BG) conditions, therefore 

Proposition 11.1. Any Lorentz-Minkovski matrix is in one to one correspondence with a matrix of PSL{ 2,H) which 
satisfies (BG) conditions, i.e. the orientation-preserving isometry group o/H^ which we denote by A4 H i. 

We also recall that the isometry group of Lor is the group of Lorentz-Minkowski transformations and that the subgroup 
of P5X(2,H) of matrices which satisfy (BG) conditions is isomorphic to the group of isometries of H + . 


For the matrix associated to the general translation t X:V:Z = 
sentation 




%(x,y,z) := 


1 + 


(g_±y_±£^) 

2 

X 

y 

z 

(x 2 +y 2 +z 2 ) 


X 

1 

0 

0 


1 xi 
0 

y 
0 
1 
0 


-2/J 

1 


zk 


we have the following Lorentz repre- 


(x 2 +y 2 +z 2 ) 

2 

X 

y 

z 

(x 2 +y 2 +z 2 ) 

2 


We notice that T(x, y, z) T(P, y ', z') = %{x + x', y + y ', z + z'). 
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The Lorentz transformation corresponding to T 


0 1 
1 0 


/1 

0 

0 

0 

0 

\ 

0 

-1 

0 

0 

0 


0 

0 

-1 

0 

0 


0 

0 

0 

-1 

0 


V o 

0 

0 

0 

-1 

/ 


is the matrix: 


= -J 


For R = 


0 


0 

i 


we have the Lorentz representation 

/ i+r 2 

D(r) := 


2 r 

0 

0 
0 

\ l-d 2 

' 2 r 


0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 


l—r z 

2 r 

0 

0 

0 

1+r 2 

2r 


Definition 11.2. Finally if B E 50(4) we de/me 

( 12 ) 


B := 


1 

0-0 \ 

0 

B 

v° 

/ 


Remark 11.3. The set of matrices of the form B can be viewed as the subgroup of 50+(4, 1) of matrices that fix the 
point (1,0,0,0,0); this subgroup is isomorphic to 50(4). 


11.1. Iwasawa decomposition for the Lorentz group 50+(4,1). Let 50+(4,1) denote the Lorentz-Minkowski group. 
This is the group of orientation preserving isometries of the branch of the hyperboloid Lor in [9j Using the decomposition 
given in |2.12| we have the following: 


Proposition 11.4 (Iwasawa decomposition). For a given M E 50+(4, 1) there exist unique real numbers r,x,y,z E 
M, r > 0, and a unique matrix B E 50(4) such that 

(13) M = D(r) T(x, y , z)B. 


11.2. The congruence group T(2,£) in the Lorentz group. The congruence group T(2,£) corresponds, via the 
Cayley transformations ( flO| ) and ( pT| , to the subgroup 0(2, £) C 50+(4,1) of Lorentz transformations generated by 
translations %(x, y , z) with x,y,z E Z such that x + y + z = 0 (mod 2), and the matrix — J. 

Let 50+(4,1,Z) C 50+(4,1) be the subgroup of Lorentz matrices with integer coefficients. Since in the case of the 
congruence group T(2,£) the translation matrices %{pc,y,z) have integer coefficients, we have: 


Proposition 11.5. The congruence group 0(2, £) is generated by matrices with integer coefficients, i.e, 0(2, £) C 
50+(4,1, Z). 

Remark 11.6. Let Lor(Z) := Lor D Z 5 be the set of points with integer coefficients which are in the Lorentz-Minkowski 
hyperboloid, then the orbit of ( 1,0, 0,0,0) under the action o/0(2,£) is contained in Lor(Z) thus this set is infinite and 
countable. 


Theorem 11.7. The fundamental domain o/T(2,£) in is a convex noncompact polytope of dimension four and of 
finite volume, with ideal vertices tq,^ 3, ^4, fs, vq and where {rq, tq, ^3,'tq, t’s, t>6} are the six vertices d=i, =bj,=bk, of 

a regular ideal octahedron and v^ is the point at infinity and eight real vertices which are the vertices (|)(l±i±j±k) 
of a regular cube. 

The group P5L(2,£) leaves invariant the regular hyperbolic honeycomb corresponding to the right-angle 24-cell with 
Schlafli symbol {3,4, 3,4}. We recall that the 24-cell (or icositetrachoroi Q is a convex regular 4-polytope, whose boundary 
is composed of 24 octahedral cells with six meeting at each vertex, and three at each edge. Together they have 96 triangular 
faces, 96 edges, and 24 vertices. See the figure 13. It is possible to give an (ideal) model of the 24-cell by considering 
the convex hull (of the images) of the 24 unitary Hurwitz numbers via the Cayley transform T(q) = (1 + q)(l — q) -1 . 
The coordinates in Z 4 of all unitary Hurwitz numbers can be obtained by considering the 8 quadruples (±1,0, 0,0), 
(0, ±1, 0, 0), (0, 0, ±1, 0) (0, 0, 0, ±1) together with the 16 quadruples (±1/2, ±1/2, ±1/2, ±1/2). 


4 


It is also called an octaplex (short for “octahedral complex”), octacube , or poly octahedron, being constructed of octahedral cells. 
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The congruence group T(2,£) leaves invariant the regular tessellation generated by the 24-cell. Therefore (see [32]) we 
have the following 

Theorem 11.8. The group 0(2, £) contains a finite-index subgroup whose fundamental domain is the 24-cell Therefore 
as shown in [32], the group 0(2, £) contains 22 subgroups which act freely on Lor and whose quotients are hyperbolic 
orientable and of finite volume. 

12. The Hurwitz modular group PSL(2,Sf) in the Lorentz model. 

The algebra of the quaternions H is isomorphic to the real algebra of 4 x 4 matrices generated by I4, S\, Sj, Sk, where I4 
is the identity 4x4 matrix and 


Si := 


and 


0 

-1 

0 

0 

\ 

/ 0 

0 

-1 

0 j 

1 

0 

0 

0 



0 

0 

0 

1 

0 

0 

0 

-1 


, Sj 

1 

0 

0 

0 

0 

0 

1 

0 



^ 0 

-1 

0 

0 / 




( 

0 

0 0 - 

1 \ 





S k := 


0 0 


0 
V 1 


-1 

0 

0 


0 
0 
0 


This follows from the fact that S? = S? = S£ = — 14 and S{Sj = Sk,SjSk = Si and SkSi = Sj. In particular the 
group of Hurwitz units U^Tf) consists of the 24 special orthogonal matrices: di/ 4 , ±Si, ±Sj, ±Sk, \ ± Si =b Sj d= Sk) 

(all possible 16 combinations of signs are allowed). We remark that this group is isomorphic to the binary tetrahedral 
group. 


Definition 12.1. LetU(S), Lor) C SO+( 4,1 ) be the finite group of order 2 f given, usingVlTJA by the Lorentz matrices: 


±/ 4 , ±Si, ±Sj, ±Sk, -(±/4 ± Si ± Sj ± Sk). 

We remark that the inversion T corresponds to —I 4 G Lor) i.e. the matrix — J. 

Proposition 12.2. In the Lorentz model the group PSL( 2 ,TL) corresponds to the subgroup o/SO + (4,1), denoted by 
generated by Lor) and the translations 2z(n,m,p) where n,m,p G Z . 

Since PSL(2,£) C PSL(2,Sf) we have a corresponding subgroup T^ cT^ of the Lorentz group. 

The fundamental domain of T^ is contained in the fundamental domain of T^ and therefore as we seen before the group 
PSL(2, £) leaves invariant the hyperbolic honeycomb whose cell is the 24-cell. 

13. Poincare extension to the hyperbolic fifth dimension. 

As we have seen before the quaternionic projective line can be identified with the unit sphere § 4 in M 5 and therefore 
§ 4 is the boundary of the closed unit ball D 5 C M 5 . As usual, we identify the interior of D 5 with the real hyperbolic 
5-space H{(. Since PSP(2,H) acts conformally on § 4 = P^, by Poincare Extension Theorem each element 7 G PSP(2,H) 
extends canonically to a conformal diffeomorphism of D 5 which restricted to H{( is an orientation preserving isometry 
7 of the open 5-disk B 5 with the Poincare’s metric. Reciprocally, any orientation preserving isometry of Hj| extends 
canonically to the ideal boundary M 4 U {00) as an element of PSL( 2,H). Thus the map 7 7 is an isomorphism and 

PSX(2,H) = Psora+H|. 


We can also refer to the upper half-space model H| which can be regarded as {(q, t) : q G H, t > 0}. The action of 
PSL( 2,H) extends to the closed half-space := {(q, t) : q G H, t > 0}. 

We give the quaternionic Poincare’s extension theorem uses the notion of Dieudonne determinant, let us briefly recall its 
definition and properties. 

G PSL( 2,H). The Dieudonne determinant of 7 is defined by the formula: 

dete(7) = |a| 2 |d| 2 + |c| 2 |b| 2 — 2Jicabd 

The Dieudonne determinant has the following properties (0): 


Definition 13.1. Let 7 = 


a b 
c d 
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( 1 ) 7 = ^ ^ ^ J is in PSL( 2,H) if and only if dete(7) ^ 0. 

( 2 ) If 71,72 E PSL( 2 ,H) then dete( 7 i 72 ) = det H (7i)detiHi(72)- 

( 3 ) If c 7^ 0 the Dieudonne determinant of 7 is equal to \(cb — cac~ 1 d)\ (see Lemma 2 . 3 . in [ 5 ] page 7 ). If c = 0 , 
dete(7) = |a||d|. If a, 6 , c, d commute then dete(7) = \ad — bc\. 


Theorem 13.2. Let 7 = 

model H R as follows: 

7(q ,t) 


a b 
c d 


£ PSL( 2,H) ; then its Poincare extension is given explicitly in the upper half-space 

det e (7 )t 


1 


|cq + d | 2 + \c\ 2 t 2 


((aq + 6 )(qc + d) + act 2 ), 


|cq + d | 2 + |c| 2 t 2 / 

Proof If 7 (q) is the affine transformation 7 (q) = aq + b (a / 0) then its Poincare’s extension 7 is given by the formula: 

7 (q, t) = (aq + 6 , |a|t) = (aq + 6 , dete(7)0- 
If c 7 ^ 0 and y(q) = (cq + d ) _1 its Poincare extension is given by the formula 

\c\t \ 


7(q ,t) = 


(cq + d) 

|cq + d | 2 + |c| 2 t 2 ’ |cq + d | 2 + |c| 2 t 2 
(cq + d) dete( 7 )t \ 


y |cq + d | 2 + |c| 2 t 2 ’ |cq + d | 2 + |c| 2 t 2 J 

If c 7 ^ 0 we have: 

7 (q) = (aq + b)(cq + d ) _1 = ac -1 + (b — ac _ 1 d)(cq + d) _1 . 

Hence 7 is a composition of affine transformations with the map q i-A q _1 . Applying the previous formulas we obtain: 

' (b — ac - 1 d)(qc + d) 


t(q^) = 


|cq + d\f 


_i \{cb — cac 1 d)\t \ 
\c\ 2 t 2 +aC ’ |cq + d | 2 + |c| 2 i 2 J = 


(b — ac 1 d)(qc + d) ac 1 [(cq + d)(qc -j- d) + |c| 2 t 2 ] 


dete(7)t 


|cq + d | 2 + |c| 2 t 2 

1 


|cq + d | 2 + |c| 2 t 2 


|cq + d | 2 + |c| 2 t 2 
((aq + 6 )(qc + d) Pact 2 ), 


|cq + d | 2 + |c| 2 t 2 

det e (7 )t 


cq + d | 2 + |c| 2 t 2 


-1 


A simply direct calculation implies that the transformations corresponding to an affine transformation and q i-A q 
acts conformally on H R and therefore it acts by isometries on the open half-space H|. Since every extension is a finite 
composition of transformations of this type one has that the extensions act conformally and hence by isometries. ■ 


Remark 13.3. The Poincare extension of a transformation when t — 0 corresponds to the action of 7 on H. 

Therefore we may assume that any discrete subgroup of PSL{ 2 ,H) acts either conformally on § 4 = or isometrically 
on H r and rephrase Proposition 

Proposition 13.4. Let T C PSL( 2,H) be a discrete subgroup acting isometrically on H|. Then this action is proper 
and discontinuous. Therefore M := H|/r is a complete 5-dimensional hyperbolic orbifold. If in addition V acts freely 
then M is a hyperbolic 5-manifold. 

13.1. Hyperbolic Kleinian 5-orbifolds and 5-manifolds. Important examples of discrete subgroups of PSL( 2,H) 
are obtained when the coefficients are in the ring H(Z) of Lipschitz integers or the ring Mur of Hurwitz integers i.e. 
P*SX(2, H(Z)) and P5P(2, HTar(Z)) the subgroup of PSX(2,H) whose entries are Hurwitz integers ( not necessarily satis¬ 
fying (BG) conditions). We summarize our previous considerations in the following 

Proposition 13.5. The groups PSL( 2,H(Z)) ; P5P(2, Mur(Z)), PSL( 2, £) and PSL{2,$f) are discrete subgroups of 
PSL( 2,H). In particular their Poincare extensions act properly and discontinuously in H|. 

Definition 13.6. We can therefore define: 

Oi(Z) := H«/PSL(2, H(Z)), O® up(z) := H|/P5L(2,Hur(Z)), 

0%:=Ul/PSL(2,2) and 0% := H|/PSL(2, S); 
these are real hyperbolic 5-dimensional orbifolds. 


14.7 
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However the orbifolds and 0^ ur ^ are real 5-dimensional orbifolds of finite hyperbolic volume and the orbifolds 

0\ and Ofi are real 5-dimensional orbifold of infinite hyperbolic volume. 

We identify with pairs (q, t) where q G H and t > 0. Let V 5 be the 5-dimensional chimney which is the set: 

V 5 := {(q, t) G : q = x 0 + aqi + x 2 j + x 3 k, where - 1/2 < x n < 1/2, (n = 0,1, 2, 3), and |q | 2 + |t| 2 > 1} 

We can chose fundamental domains and P^ ur ^ for the actions of the Poincare extensions of PSL{2, H(Z)) and 

PSL(2,Mur(Z)) on H| which are subsets of V 5 so that and P^ ur ^ have both finite hyperbolic volume. 

Some fundamental domains V\ and P^ for the actions of the Poincare’s extensions of PSL( 2,£) and PSL(2,Sf) on H| 
are the product of a line M by their respective fundamental domains in H^, these are x M and P ^ x M. Then and 
Pft have both infinite hyperbolic volume and one only end. Moreover, 0\ and O ^ are homeomorphic to x M and 
o% x M, respectively. Then their underlying spaces are homeomorphic to M 5 and their singular loci are the product of a 
line M by their respective singular loci and in 0\ and O#, respectively. 

The orbifold Euler characteristic of these orbifolds are: 

X orb (Ol) = —x° rft (d) = -L and X m \0%) = - X ° lh {0%) = 

respectively. 

The vertical ideal projection by geodesics asymptotic to the point at infinity of P^ z ^ onto the ideal boundary identified 
with M 4 is a subset of a hypercube {4, 3, 3}. Moreover the tessellation on the ideal boundary is commensurable with the 
classical self-dual and right-angled tessellation {4, 3,3,4}. The extension of PSL( 2,H(Z)) to Hj| is commensurable with 
the ideal hyperbolic tessellation {3,4, 3, 3,4}. This remarks imply: 

Proposition 13.7. The extension to H| of PSL( 2,H(Z)) is a subgroup of the group of symmetries of the ideal hyperbolic 
tessellation or honeycomb {3,4, 3, 3,4}. 

The cells of the hyperbolic tessellation {3,4, 3,3,4} are congruent copies of {3,4, 3,3} which is a regular Euclidean 
tessellation of M 4 . The ideal vertical figure is the regular self-dual Euclidean tessellation of M 4 with symbol {4, 3,3,4}. 

In the Mur case we obtain that the fundamental region has 24 faces and is the regular polytope {3,4, 3} and the tessellation 
in M 4 is {3,4, 3, 3}. 

Proposition 13.8. The extension to H| ofPSL(2, Mur (Iff) is a subgroup of the group of symmetries of the ideal self-dual 
hyperbolic tessellation or honeycomb {3,3,4, 3,3}. 

14. Appendix: Orbifolds 

14.1. Introduction to orbifolds. For the sake of completeness, in this appendix we recall some basic facts about 
orbifolds (see also El) • 

Definition 14.1. A smooth orbifold modeled on the manifold M is a metrizable topological space O endowed with a 
collection {(£/*, TJ^ fa, T^}^ called an atlas, where for each i, 

( 1 ) Ui is an open subset of O, 

( 2 ) Ui is an open subset of M, 

(3) (pi : Ui -A Ui is a continuous map (called a chart) and 

(4) Ti is a finite group of diffeomorphisms of Ui satisfying the following conditions: 

• The Ui’s cover O. 

• Each pi factors through a homeomorphism between Ui/Ti and Ui. 

• The charts are compatible in the following sense: for every x G Ui and y G Uj with pi(x) = (pj(y), there is a 
diffeomorphism ip between a neighborhood V of x and a neigborhood W of y such that pj{gp{z)) = pi(z) for 
all z G V. 

Definition 14.2. The local group of O at a point x G O is the group T x defined as follows: let x G L and p : U U be 
a chart. Then T^ is the stabilizer of any point of p _1 (x) under the action ofT. 

It is well-defined up to isomorphism. Local groups are isomorphic to subgroups of 0{n). 

Definition 14.3. If T x is trivial, we said that x is regular, otherwise it is singular. The singular locus of O is the set 
of singular points ofO. 

Definition 14.4. The underlying space of O is the topological space \0\ obtained by forgetting the orbifold structure. 
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Figure 14. A fundamental domain for the action of the modular group PSL( 2,Z) on the hyperbolic plane H| . 


If (M,g) is a smooth homogeneous space with respect to the Riemannian metric g and if T is a discrete group of 
isometries of M acting properly and discontinuously on M, then the orbit space M/T is an orbifold and the canonical 
map p : M —* M/T provides us with a natural orbifold atlas. This is the definition of a good orbifold modeled on the 
homogeneous manifold (M, g) in the sense of Thurston [39] . 

There are many properties of the differential geometry and topology for manifolds which have counterparts for orbifolds. 
For example, the Euler characteristic of a manifold M which is denoted by y(M) or a CW complex defined as the integer 
number iqual to their alternating sum of the number of cells. A fundamental property of the Euler characteristic is that 
it is multiplicative under finite covers: If M' -A M is an m —fold cover, then 

X(M') = mx(M). 


Definition 14.5. Let O be an orbifold with a decomposition as a CW complex so that the local group is constant on each 
open cell. Let c be a cell, T c be the local group on c and |T C | denote its order. Then the Euler characteristic of the orbifold 
O is 

( _i \dim c 

X orb (0) := £ e l .1 , . 


The Euler characteristic of an orbifold is a rational number with a multiplicative property: If M 
cover and M is a manifold, then 

\{M) = m X orb {0). 


O is an m-fold 


Remark 14.6. Most of the orbifolds considered in this paper are good orbifolds and indeed they are mainly modeled on 

• W 1 , the Euclidean n—space; 

• § n ; the unitary sphere in M n+1 with the standard Riemannian metric; 

• Hg, the Siegel half space in M n ; with the corresponding hyperbolic metric. In particular = H| and 

(with the corresponding Poincare metric) are the hyperbolic spaces which may be regarded as the half space of 
elements in DC (DC = C or DC = DD,) with positive real part or the unit ball in DC, with DC = C, H 
Correspondingly, M n /T (where T is a discrete subgroup of isometries ofW 1 acting properly and discontinuously) are the 
Euclidean orbifolds; similarly, § n /T where T is a finite subgroup of SO(n-\- 1) are the spherical orbifolds and H n /T are 
the hyperbolic orbifolds where T is a finite subgroup of SO{n + 1,1) and Hg is the real hyperbolic n—space. 

Taking into account the previous considerations, we have the following 

Proposition 14.7. If T is a discrete subgroup of isometries on then M := H^/T is a complete hyperbolic I^-real 
orbifold. If in addition T acts freely, then M is a hyperbolic I^-real manifold. 

Definition 14.8. An orbifold of the form M = H^/T where T is a discrete subgroup of isometries is called a one 
dimensional quaternionic hyperbolic orbifold. 


14.2. Basic examples of orbifolds. For the sake of completeness we list here some classical examples of orbifolds, 
whose constructions will be however useful in the sequel. 

(1) The modular orbifold and the modular group PSL{ 2,Z) We consider the action by isometries of the 
modular group PSL(2 ,Z) on the hyperbolic real plane Hjjb A fundamental domain is a triangle with one ideal 
point an two other vertices were the sides have an angle of tt/3. This is the triangle with Coxeter notation 
A(3,3,oc). See the figure . The modular group PSL( 2,Z) is a subgroup of the group of symmetries of the 
regular tessellation of H 2 whose tiles are congruent copies of the triangle A (3, 3, oo). We can describe the Cayley 
graph and a presentation of the group PSL( 2,Z) in terms of 2 generators and 2 relations to obtain: 


PSL( 2,Z) = (a, b\a 2 = (ab) 3 = 1) = Z/2Z*Z/3Z. 

The quotient O := H^/PS'L(2, Z) has underlying topological space the plane M 2 (or C) and consists of 2 
distinguished conical points. The local groups of the singular points are Z/2Z and Z/3Z modeled on a group of two 
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Figure 15. The Kummer surface is a pillow, a 2-sphere with 4 conical points. 


and three elements, respectively, consisting of hyperbolic rotations of angles i r and 27 t/ 3. The Euler characteristic 
of the orbifold O is -1/6. Thus a minimal Selberg cover is of order 6. 

(2) The orbifold associated to the Picard-Gauss group PSX(2, Z[i]). We consider the action by isometries 
of the modular group PSL( 2,Z[i]) on the hyperbolic real space H|. The quotient O := Hj^/PSX(2, Z[i]) has 
underlying space the 3-space M 3 . Its singular locus Y>o is the 1-skeleton of a squared pyramid without the apex. 
The Euler characteristic of the orbifold O is 0. 

(3) Carom or carambole billiard For each n —dimensional Euclidean space M n there is a self-dual, right-angled 
honeycomb whose cells are hypercubes and whose Schafli symbol is {4, 3,..., 3,4}. There is a subgroup T of their 
symmetries generated by reflections in the sides of their hypercubical cells. The fundamental region of the action 
of T in M n is a cell. The quotient O := M n /T is an Euclidean orbifold whose shape is a solid hypercubical cell. The 
orbifold O has the n-ball as underlying space. Furthermore, consists of the boundary of the cell, this is the 
hypercube {4, 3,..., 3} in the (n — 1)—sphere. There is a stratification of Tiq and the local group of each singular 
point in the interior of the sides of {4, 3,..., 3} is the group with two elements Z/2Z whose representations consist 
of a reflection. Others points in Tiq are right-angled corner points just as in the carom or carambole billiard 
table. The Euler characteristic of the orbifold O is 0. In general, the Euler characteristic of a compact Euclidean 
n —orbifold is 0. 

(4) Real Kummer surface (a pillow). Let T 2 = S 1 x S 1 = {(^1,^2) E C 2 : \z±\ = |^| = 1} be the 2-torus. Let r 
be the involution r(zi,Z 2 ) = (21, £2)- Then r has four fixed points (1,1), (1, —1), (—1,1), (—1, —1). The quotient 
O := T 2 /r has the 2-sphere as underlying space and Tiq consists of 4 distinguished conical points. The local 
group of each singular point is the group with two elements Z/2Z whose representations consist of a rotation of 
angle n. The Euler characteristic of the orbifold O is 0. 

(5) Real Kummer n-orbifold Let 

r=S 1 x-.x§ 1 = {( 2 1 ,...,z„)eC" : N = ... = M = 1} 

be the n-torus. Let r be the involution r{z\ y • • • , z n ) = (z 1, • • • ,z n ). Then r has 2 n fixed points (±1, • • • , ±1). 
Then the quotient O := T n /r is an orbifold. The local group of each singular point is the group with two 
elements Z/2Z whose representations consist of rotation (zi, • • • , z n ) ^A (—zi, • • • , — z n ) = (z 1, • • • ,z n ). Thus at 
the singular point the orbifold has a neighorhood homeomorphic to the cone over IP^ -1 * The Euler characteristic 
of the orbifold O is 0. There is a figure of the Real Kummer 3-orbifold in section 6. 

(6) Real tori with conformal multiplication. In analogy to the classical theory of abelian manifolds with 
complex multiplication one can define a real torus with conformal multiplication. Let T n (A) := T n /A be a real 
n-torus corresponding to the lattice A C M n . Let A : T n -A T n be an automorphism such that it lifts to a 
conformal isomorphism of M n . We say that T n (A) is a torus with conformal multiplication. To admit a conformal 
automorphism imposes symmetry restrictions on the lattice A. Since by a classical theorem by Bieberbach (see 
Hamm) the number of compact flat manifolds and flat orbifolds of a given dimension is finite it follows that the 
group G of conformal automorphisms of a torus admiting conformal multiplication is finite. Then T n /G is a flat 
orbifold. The Euler characteristic of this orbifold T n /G is 0. 
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